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Abstract
A key need in different disciplines is to perform analytics over fast-paced data streams, similar in nature to the traditional
OLAP analytics in relational databases - i.e., with aggregates and selection predicates. Storing unbounded streams, however,
is not a realistic, or desired approach due to the high storage requirements, and the delays introduced when storing massive
data. Accordingly, many synopses/sketches have been proposed that can summarize the stream in small memory (usually
sufficiently small to be stored in RAM), such that aggregate queries can be efficiently approximated, without storing the full
stream. However, past synopses predominantly focus on summarizing single-attribute streams, and cannot handle selection
predicates and constraints on arbitrary subsets of multiple attributes efficiently. In this work, we propose OmniSketch, the
first sketch that scales to fast-paced and complex data streams (with many attributes), and supports count aggregates with
predicates on multiple attributes, dynamically chosen at query time. OmniSketch supports streams containing both inserts and
deletes, under the bounded deletes streaming model. OmniSketch offers probabilistic guarantees, a favorable space-accuracy
tradeoff, and a worst-case logarithmic complexity for updating and for query execution. We demonstrate experimentally with
both real and synthetic data that OmniSketch outperforms the state-of-the-art and can approximate complex ad-hoc queries
within the configured accuracy guarantees, with small memory requirements.

Keywords Multi-dimensional Stream Analytics · Sketching · Bounded deletes model

1 Introduction

Aggregates and selection predicates constitute theworkhorse
of data analytics, and are implemented in all databases.
Accordingly, indexing and storage techniques have been
implemented to answer such queries efficiently, even over
big data. However, analytics on streaming data raises new
challenges which call for novel approaches. In particular,
due to the large size of contemporary streams – most of
them are, in fact, unbounded – storing the full stream such
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that it can be processed later for answering ad hoc queries
becomes impractical. Second, in typical streaming applica-
tions, such as monitoring of network traffic data or finance
data, extremely fast query response times (in the order of
milliseconds) are required to support reactive applications.
For example, in network monitoring for early DoS detection,
a delay of a couple of seconds when answering a query for
up-to-date network statistics may provide sufficient time to
an attacker for compromising a corporate network. Third, the
high stream update rate (millions of updates per second) that
is typical in contemporary streams presents a key obstacle
for using traditional data structures to speed-up the queries,
e.g., by maintaining different types of indices.

The go-to techniques to handle streaming analytics are
sketches: compact data structures that summarize the stream,
typically with a fixed space complexity. These structures can
be updated and queried in constant or polylogarithmic time,
with theoretical error guarantees, and they typically work by
relying on randomly chosen hash functions to transform the
stream into a small-space summary [10]. The key idea is that
the user knows the (set of) interesting queries for the user,
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and initializes the necessary sketches for addressing these
queries before observing the stream. Sketches sacrifice some
accuracy for a drastic improvement in space complexity, high
throughput, and extremely fast querying. Most sketches are
also backed by rigorous theoretical analysis, which allow the
user to control the space/accuracy trade-off, with probabilis-
tic accuracy guarantees. Owing to their simplicity and high
performance, sketches have been widely adopted across dis-
tinct domains (both research and industrial applications), to
meet diverse requirements. For example, Bloom filters [3]
and their variants are frequently used for supporting mem-
bership queries on large sets, the celebrated AMS sketches
[1] are used for computingL2norms and similarities over dis-
tributions, HyperLogLog sketches [12] are frequently used
for estimating distinct counts in streaming multisets, and
Count-Min sketches [11] are the de facto data structure for
approximating stream distributions.

The key limitation of sketches, however, is that each sketch
can be used to address only one, or at best, a few, query
templates. A query template refers to a predefined struc-
ture for aggregate queries over a data stream, characterized
by a fixed set of predicate attributes while allowing vari-
able predicate values. For example, consider the use case
of network monitoring, which is crucial for ensuring the
reliability, security and performance of network systems.
Here, the Count-Min sketch is often used to maintain fre-
quency statistics. A standard IPv4 packet header defines at
least 13 attributes, including version, header length, total
length, source and destination address, protocol. As a run-
ning example throughout this work, we consider a simplified
IPv4 header stream of Figure 1, which contains just 4
attributes, and a sign (�) that denotes whether the update
is an insert (+1) or delete (-1). To estimate queries adhering
to query template SELECT COUNT(*) FROM STREAM
WHERE ipSrc=? (i.e., number of packets per IP address),
a Count-Min sketch using the source IP address as the hash
key is required (see Section 2.2). Monitoring the number
of packets received per destination IP (ipDest) can be
done with another query template – thus an additional sketch
that hashes on ipDest. To monitor the number of packets
exchanged between any two IPs, we need to maintain yet
another sketch, that uses the concatenation of the source-
destination IP addresses as key.

In exploratory data analysis, the analyst requires the flex-
ibility to answer any frequency query on the IPv4 stream, on
any possible combination of predicates. However, the num-
ber of Count-Min sketches to support any potential query
template grows exponentially with the number of attributes.
In the toy example of Fig. 1, already (24 − 1) sketches will
need to be maintained, whereas in a more realistic scenario
for IPv4 packets (with all 13 attributes), we would need
to maintain O(213) sketches. This requirement stems from
the way the sketches are constructed and queried: insert-

Fig. 1 : A (simplified) stream, used as the running example.
A sample query with multiple predicates on this stream may
be, e.g., SELECT COUNT(*) FROM stream WHERE
ipSrc=131.2.2.1 AND ipDest=142.1.4.7
AND totalLen>40 AND dscp=0

ing a tuple in the sketch is done by hashing together the
same subset of attributes that will be used as query pred-
icates later. Generalizing to arbitrary scenarios, estimating
frequency distribution for all possible combinations of p
predicates requires the maintenance of 2p −1 sketches. This
is clearly infeasible, because of both the involved space com-
plexity and the strict efficiency constraints that arise in the
context of data streams.

In this work, we focus on supporting frequency queries
over multi-dimensional streams that follow the turnstile
model, which allows both insertions and deletions (i.e., neg-
ative updates). Specifically, we consider the specialization of
the model, known as the bounded deletes model [16], where
the ratio of deletions to insertions is bounded to enable addi-
tional algorithmic optimizations. The model is essential for
accurately representingmany scenarios. For example, deletes
are needed to represent transactions in a store, where clients
may purchase but also return a product. In high-churn adhoc
networks, themodel reflects devices dynamically joining and
leaving the network. Similarly, when treating database con-
tents as a stream of updates (with inserts and deletes) – as is
common in query optimization – it is important to account
for deletions that remove records from the database.

Our contributions We propose OmniSketch, the first
sketch that allows compact and efficient summarization of
(possibly unbounded) fast-paced streams under the bounded
deletes model, and subsequent efficient execution of general
queries, decided at query time, with accuracy guarantees.
The sketch combines the compactness of sketches, which
is necessary for reducing the memory constraints, with the
generality of sampling, which is key for supporting gen-
eral queries, on predicates that are dynamically decided at
query time. In a nutshell, OmniSketch consists of one com-
pact sketch per attribute – a 2d matrix, similar to Count-Min
sketch. Each cell in these matrices contains a fixed-size sam-
ple of the inserted record-ids that hash in the cell, plus some
additional statistics to support fast inserts and deletions. At
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query time, arbitrary conjunctions of predicates are supported
by looking-up each predicate individually on the correspond-
ing attribute sketch, and computing the intersection of the
results (the retrieved record-ids), thereby translating the con-
junction of predicates into a set-intersection problem.

Unlike previous work, OmniSketch offers computational
complexity (for both updates and queries) that scales linearly
with the number of attributes – instead of exponentially – ren-
dering it the only viable, general-purpose solution, to date,
for summarizing fast-paced streams with many attributes in
small space and with efficient querying. OmniSketch comes
with formal error guarantees and an automated initialization
algorithm that builds on the theoretical analysis to fully uti-
lize the available memory.

We evaluate OmniSketch experimentally on both real
and synthetically-generated streams, and compare it with
the state-of-the-art competitors: Hydra [21] and adaptive
Sample and Hold with signed updates [8]. Our experiments
confirm that OmniSketch is the only viable option for sum-
marizing complex fast-paced streams, and comes with a
favorable accuracy/efficiency trade-off. In contrast, Hydra
becomes extremely slow when summarizing streams with
five or more attributes, and therefore fails to effectively sum-
marize fast-paced streams. While adaptive Sample and Hold
scales significantly better thanHydra, it still suffers from lim-
ited throughput and high query latency – both critical factors
in high-frequency and latency-sensitive applications.

Roadmap The remainder of the paper is structured as fol-
lows. In Section 2 we present the preliminaries and discuss
related work. In Section 3 we present OmniSketch for the
cash register model (i.e., without deletes) and analyse its
theoretical properties. Section 4 presents an extension of
OmniSketch (coined OmniSketchB) that supports streams
containing deletes. Section 5 summarizes our experimental
results, and in Section 6 we conclude the paper and discuss
our future plans.

2 Preliminaries and related work

This work is an extended version of [24], which considered
support for only insert-only streams. In this new work, we
add support for streams under the bounded deletesmodel.We
start by discussing the bounded deletesmodel, beforemoving
on to two key related techniques, Count-Min and Min-wise
hashing, which are central to our OmniSketch design. Then,
we discuss other related work from the literature.

2.1 The bounded deletes model and supported
queries

We adopt the bounded deletes streaming model of Jayaram
and Woodruff [16], which allows for both positive updates
(insertions of new records) and negative updates (deletions
of records that were previously inserted). This model addi-
tionally supports bounding the number of negative updates
to not exceed a percentage of the stream insertions at any
given time, thereby allowing for novel and simpler streaming
algorithms with a lower space and computational complexity
[16], e.g., Space-Saving± [29], KLL± [30].

Formally, the input data is a stream of records S =
{r (1), r (2), . . . r (N )}, e.g., similar to the records of our run-
ning example of Figure 1. LetA = {a1, a2, . . . , a|A|} denote
the stream attributes (in the running example, ipSrc, ipDest,
totalLen, dscp). Each record comes with a record id (rid),
denoted by a0 – or, r (i)

0 for a record r (i). If no record ids
exist, such unique rids can be easily constructed at ingestion
time (e.g., by using a primary key, a counter, or a timestamp).
Records also contain an insertion/deletion flag, denoted as
r (i)
� for record r (i). This takes a value from {+1,−1}, with
r (i)
� = +1 denoting an insertion, and r (i)

� = −1 denoting a
delete of a previously inserted record. With I we denote all
insertions fromS, i.e.,I:={r ∈ S|r� = +1)} andwithD the
set of all stream deletions, i.e., D:={r ∈ S|r� = −1)}. The
bounded deletes model also allows us to bound the number
of deletes, as follows: |D| ≤ (1 − 1

α
)|I|, for a domain-

specific value α set by the user. Setting α = 1 leads to the
cash register model, i.e., no deletes allowed, whereas with
α = ∞ we allow all previously inserted records to be also
deleted. The value of α can be typically easily estimated, or
upper-bounded. For example, in a store, one could expect
the returns to never surpass, say, 10% of the sales, leading to
α = 1

1−0.1 ≈ 1.11.
At any point in time, the residual stream R contains all

records thatwere inserted but not yet deleted, i.e.,R = I−D.
This also implies that, in the absence of deletes (i.e., for
streams under the cash register model, which only allows
insertions), R = I.

Supported queries Let S denote the stream arrivals up
until query time, andR = {r (1), r (2), . . .} denote the residual
stream. The query q is a count query, comprising a conjunc-
tion of selection predicates for any subset {ai , a j , ak, . . .} of
A:

f (q):=Count
(
r ∈ R | r satisfies q = qi ∧ q j ∧ qk . . .

)

where each predicate qi can be a disjunction of range and
equality predicates on an individual attribute ai .
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2.2 Count-Min sketch

Proposed in 2005, theCount-Min sketch [11] quickly became
the de facto sketch for approximate frequency distributions of
streaming data. A Count-Min sketch CM is a 2-dimensional
array of width w and depth d, accompanied by d pairwise-
independent hash functions {h1, h2, . . . , hd} that map the
input to the range {1, . . . w}. LetCM[ j, k] denote the counter
at cell ( j, k) in the sketch’s 2-dimensional array. A record r
(e.g., an IP address) is added once to the sketch by increas-
ing the count at CM[ j, h j (r)], for all j ∈ {1 . . . d}. The
frequency of any query item q in the stream can be esti-
mated by finding the corresponding cells CM[ j, h j (q)] per
row j , and returning the minimum count, i.e., f̂ (q) =
min j∈{1...d}(CM[ j, h j (q)]). Due to hash collisions (items
other than q that fall in the same counters) f̂ (q) is poten-
tially an overestimate of the true frequency f (q). By setting
w = �e/ε� and d = �ln(1/δ)�, we have that f̂ (q)− f (q) ≤
εN with probability ≥ 1 − δ, where N is the length of the
stream.

It is straightforward to use Count-Min sketches for sum-
marizing frequency distributions of pairs, triples, or arbitrary
subsets of attributes. For instance, in the running exam-
ple of Fig. 1, one could summarize the distribution of
<ipSrc,ipDest> by simply using the concatenation of
the two attributes as a composite key in all hashes – both at
insertion and querying. A single Count-Min sketch is then
required, per attribute combination. This approach however
becomes prohibitively expensive when we need to summa-
rize many such combinations. Even worse, in the typical
exploratory data analytics scenario where the interesting
combinations are decided at query time – based on the inter-
mediary results – the number of sketches that need to be
constructed grows exponentially to the number of attributes.
Hence, this naive approach does not scale.

2.3 Min-wise hashing

OmniSketch relies onmin-wise hashing to estimate the cardi-
nality of the intersection ofmultiple sets. The key idea behind
all min-wise hashing (or MinHash) schemes is to hash all
items in each set using one or more hash functions, and to
keep only the B items with the smallest hash values per hash
function as samples of each set. The size of the intersection
of these samples for the different sets can then be scaled to
estimate the cardinality of the intersection of the sets.

The min-wise hashing algorithm that we will be using in
this work estimates the sets intersection cardinality as fol-
lows [23]: Let R1, R2, . . . , Rp denote the p sets for which
we want to estimate the cardinality of their intersection.
First, we construct the summary Si for each set Ri by hash-
ing each item with a global hash function g(·) → {0, 1}b,

and retaining the B smallest hash values, with b set to
at least �log(4B2.5/δ)�. The cardinality of the intersection
of p sets |R∩| = |R1 ∩ . . . Rp| can then be estimated

from these summaries as R̂∩ = |
p⋂

i=1
Si | ∗ nmax/B with

nmax = maxpi=1 |Ri |. This estimate comes with (ε, δ) guar-

antees when R̂∩ ≥ 3nmax log(2p/δ)/(Bε2).When the above
condition fails, a weaker bound can be shown: 0 ≤ |R∩| ≤
4nmax log(2p/δ)/(Bε2), with probability 1 − δ

√
B.

We chosemin-wise hashing over other samplingmethods,
since it has been shown to performequallywell or outperform
other sampling methods (including [18, 19]), and has space
complexity that nearly matches the theoretical lower bound
for the problem [23]. Furthermore, the chosen algorithm
works with streaming data, as the samples can be maintained
incrementally.

Min-wise hashing assumes a cash register stream and
cannot handle deletions. In particular, deletes can deplete
the sample when elements are removed, thus corrupting
the similarity estimates. A possible workaround would be
to recompute the sketch after each deletion. However, this
would require: (a) storing the whole set, and, (b) process-
ing the whole set after some deletes, in order to maintain
the k smallest signatures. Both steps are prohibitively expen-
sive, especiallywhen focusingon fast-paced, unboundeddata
streams. Section 4.1 describes how we address these issues.
Because min-wise hashing is widely used, our extended vari-
ant that handles deletions is of independent interest and can
be directly applied to diverse applications.

2.4 Other related work

Hydra The state-of-the-art sub-population sketch for multi-
dimensional data streams is Hydra [21]. At the outer layer,
Hydra consists of a Count-Min sketch of width w and depth
d, accompanied with d pairwise-independent hash functions
thatmap the input domain to [1 . . . w]. Each cell in this sketch
contains a nested universal sketch [20], for keeping detailed
statistics. When a record of p attributes is read, it is hashed
in the Hydra sketch as follows. First, all 2p − 1 possible
combinations of the record’s attributes are computed. Each
of these combinations defines a sub-population where this
record belongs. Each combination is then hashed with the d
hash functions to find the corresponding cells in the outer
sketch (one cell per row), and the combination is finally
added in the contained universal sketches. For query execu-
tion, the query predicates are combined to create a key, which
is then hashed using the same d hash functions for finding
the corresponding cells in the outer sketch. We then query
the nested universal sketch using the same key, to estimate
the frequency.
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In a thorough experimental evaluation, Hydra is shown to
outperform other approaches, and provides interactive query
latency. However, the sketch has two critical downsides that
make it a non-viable option for streams with many attributes.
First, recall that each record is added 2p − 1 times in the
sketch, with different keys – once per possible combination.
As we will demonstrate later, this exponential complexity
becomes a challenge already for a modest number of indexed
attributes, i.e., p = 4, in terms of time complexity, causing
problems when summarizing fast-paced streams. Second,
because of this sharp increase (exponential with p) of the
number of additions to the sketch, the approximation error
also rapidly increases. Our experimental results show that
while Hydra demonstrates excellent performance for small
p values, its error (as well as update time) increase exponen-
tially with p.

Adaptive Sample and Hold with signed updates Adap-
tive Sample and Hold (aSH) algorithm with signed updates
[8] represents the state-of-the-art for stream sampling with
deletions. The algorithm dynamically adjusts the sampling
threshold, raising it when the sample fills with positive
updates, and lowering it as negative updates free up space.
In this way it maintains a representative sample of bounded
size over a stream with insertions and deletions.

The algorithm keeps a sample S of size K . For each sam-
pled record si included in the sample, it keeps two additional
values: (a) a counter ci , initialized to�, and, (b) τi , the effec-
tive sampling threshold for the record, initialized to 0. New
records are added to the sample until it reaches size K . Then,
two passes are made over the sample. In the first pass, Ti ,
which is a randomized function on τi , is recomputed, and the
minimum threshold τ ∗ = minsi∈S(Ti ) is found. In the sec-
ond pass, the record with Ti = τ ∗ is ejected from the sample,
while the thresholds of surviving records are adjusted accord-
ing to another randomized function. Frequency queries are
executed by iterating over the sample and summing the val-
ues of both ci and τi for all records in the sample that satisfy
all predicates. This is shown to be an unbiased estimator [8].

Adaptive Sample and Hold has two downsides, both
related to efficiency. First, queries are slow, as they require a
full iteration over the whole sample, which may be in the
order of tens to hundreds of Megabytes – especially for
high-dimensional streams. Second, updates are also slow,
as the ejection step in the sampling procedure causes two
passes over the collected samples. To improve the through-
put of updates, the authors propose use of a buffer that allows
batching the updates and reducing the number of ejection pro-
cedures. This way, instead of ejecting samples one by one
after each update (with each ejection requiring two passes
over the sample), all updates contained in the buffer are pro-
cessed at the same time, allowing the ejection of multiple
items after adjusting the sampling thresholds. This buffer

drastically improves the ingestion throughput of aSH. How-
ever, as we demonstrate in Section 5, even with the buffer,
aSH efficiency for both queries and updates is still substan-
tially lower than the throughput of OmniSketchB , which is a
significant limitation for a streaming algorithm.

Similarity estimation on dynamic setsMin-wise hashing
[23] and other variants from the MinHash scheme family [4,
9, 18, 19] are efficient and well understood in the insertion-
only streaming model, but they do not support deletions,
as explained in Section 2.3. This observation has motivated
research specifically targeted to support deletions. The state-
of-the-art is the l-buffered k-MinHash sketch [7], which,
similar to our α-min-wise sampling, exploits buffers to mit-
igate deletes. In particular, l-buffered k-MinHash scheme
maintains one buffer per hash, where it keeps some extra
items with a small hash value, to recover the k samples in
case of deletes without reverting to the full dataset. Their
buffered scheme yields attractive amortized update costs,
low storage and querying complexity and outperforms ear-
lier competitors [5]. However, the algorithm still needs to
maintain the full data, in order to recover from the case that
the buffer is insufficient. Furthermore, the algorithm can lead
to incorrect estimates when a deleted minimum should have
been replaced by an element that appeared earlier but was
discarded at the time because it exceeded the then-active
threshold. Ignoring such events canmake the sketches incon-
sistent with the sketch computed from the residual set.

Summarizing, despite the extensivework onMinHash and
derivatives, there is still insufficient work on similarity esti-
mation on dynamic sets with deletes, with the state-of-the-art
requiring to store the full dataset, and failing to properly
account for deletes. Our algorithm, presented in Section 4.1
extends the min-wise hashing approach and its analysis to
support bounded dynamic updates. It avoids reliance on
external storage for recovery and eliminates the inconsis-
tency described above, preserving the desirable min-wise
hashing guarantees.

Our algorithm is therefore also useful outside
OmniSketchB , as a replacement of min-wise hashing [23]
and of other MinHash variants in diverse applications such
as similarity search [7], and neighborhood queries on graphs
[2, 28]. Exploring the application of α-min-wise sampling
on such use cases is promising future work, but outside the
scope of the present paper.

3 OmniSketch for cash register streams

We now present OmniSketch for cash register streams, a
sketch that allows efficient frequency estimation of queries
with predicates over fast-paced insert-only streams.We grad-
ually construct the final sketch, in three successive steps.
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Initially, we describe an extension of the standard Count-
Min sketch, termed S0, that maintains additional data in the
cells. This additional information is leveraged for estimat-
ing cardinalities involving predicates using a straightforward
generalization of theCount-Min estimator. Then, keeping the
S0 sketch structure unchanged, we present an improved esti-
mation algorithm and the corresponding theoretical analysis
to tighten the error bounds, at no extra complexity. We refer
to the new sketch estimator as S0∩, to distinguish from the
earlier estimator (termed S0min). Then, we present the cash
register OmniSketch (S1) whichmerges S0∩ with a sampling
technique to guarantee sublinear space complexity.

Unlike previous works, all sketches allow very efficient
updates (with logarithmic complexity) and queries, and
can therefore easily handle fast-paced streams and a high
throughput on queries.

All three sketches are based on a common architec-
ture: each comprises a collection of sub-sketches, with
one sketch assigned to each searchable attribute, i.e., an
attribute for which predicate support is desired. We refer
to the sub-sketches as attribute sketches, and denote them
by CM1,CM2, . . .CM|A|, where A corresponds to the
set of searchable attributes. Each CMi is an array of size
w×d, accompanied with d pairwise-independent hash func-
tions h1i (·), h2i (·), . . . hdi (·) (similar to Count-Min sketches).
However, unlike traditional CM-sketches, each cell in CMi

contains a list of record ids (rids), or their fingerprints. Rids
are placed/hashed in each sketch based on the record value
on the corresponding attribute. During query execution, the
attribute sketches corresponding to the query’s predicates are
queried, and the record ids retrieved by these are intersected,
to compute an estimate of the answer. Figure 2 illustrates
the general sketch architecture, for a sample dataset with
searchable attributes: <ipSrc, ipDest, totalLen,
dscp>. The difference between the three sketches relates
to: (a) the way the record ids are sampled and stored in the
attributes sketches, and (b) the theory backing the estimators
which affects the tightness of the bounds.

In the ensuing discussion, we useA = {a1, a2, . . . , a|A|}
to denote the set of searchable attributes, q to denote a query
that contains p predicates, and qi to denote the predicate for
attribute ai ∈ A. For ease of presentation, unless otherwise
mentioned, we assume that each predicate qi is an equality
predicate on attribute ai with a constant value vqi ; that is,
qi :=(ai = vqi ). The domain of each attribute ai is denoted
by D(ai ).

Without loss of generality, we assume that q contains all
attributes ofA, i.e., p = |A| (if some of the attributes are not
contained in the query, we simply ignore the corresponding
sketches during query execution); in general, p ≤ |A|. We
summarize frequently used notation in Table 1.

Fig. 2 : OmniSketch. The green-shaded box illustrates the
contents of a cell in S1

3.1 Sketch S0: Count-Min with rid-sets for
estimating queries with predicates

Initialization At initialization time, we choose uniformly at
random |A| × d pairwise-independent hash functions h11(·),
h12(·), . . . , hd|A|(·), with h j

i () : D(ai ) → {1, . . . , w}.We also
construct |A| arrays CM1, CM2, …, CM|A|, of size w × d,
and initialize each of their cells to contain an empty linked
list. In order to get (ε, δ)-guarantees on the estimate, we set
w = 1 + �e/ε� = �(1/ε) and d = �ln(1/δ)�.

Insertion A new record r needs to be added to all |A|
sketches.We use ri to denote the value of record r on attribute
ai , and r0 to denote its unique record id (rid). For each search-
able attribute ai and for each row j = {1, . . . , d}, we add r0
to all linked lists at positions CMi [ j, h j

i (ri )].
Note that, as defined, the S0 structure is not strictly a

“sketch” since, by storing complete rid-sets, it requires space
that is linear in the stream length N . The only summariza-
tion S0 performs is by “blurring” individual attribute values
through hashing into Count-Min buckets. Still, it provides a
conceptually useful first step towards our final OmniSketch
solution.
The S0min Estimator. Let f (q) denote the number of
records satisfying all predicates in q. Following the con-
ventional Count-Min estimation procedure [11], we can
compute an estimate f̂ (q) as follows: for each row j =
{1, . . . , d}, we compute the size of the intersection of all
records stored in cells CM1[ j, h j

1(vq1)],CM2[ j, h j
2(vq2)],

. . . , CMp[ j, h j
p(vqp )]. We repeat this for the d rows, and

return the minimum value as an estimate. Formally:

f̂ (q) = min
j={1...d}

∣
∣∣∣∣

⋂

qi∈q
CMi [ j, h j (vqi )]

∣
∣∣∣∣

(1)

Intuitively, the intersection will contain the rids of all
records r that satisfy the query, since these will always hash
at the same cell as the query predicate, for all predicates,
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Table 1 Frequently used
notation

Notation Description

I Insertion stream.

D Deletion stream.

N Stream length.

α Bounded delete ratio α < 1/(1 − |D|/|I|)
f(q) Number of records satisfying query q

d Sketch depth (number of rows)

w Sketch width (number of columns)

B Maximum sample size per cell

CMi Sketch for attribute i .

CMi [ j, k] Cell at row j , column k, of sketch CMi .

h j
i (·) Hash function for attribute sketch, row j of attribute i .

R(CMi [ j, k]) Set of records hashed to cell CMi [ j, k].
Si ( j, k) Set of records in the sample of cell CMi [ j, k].
C(q) Set of cells CMi [ j, h j (vqi )] accessed to answer the query.

R∩ Set of records hashed to all cells in C(q).

nmax Max. number of records hashed to any cell CMi [ j, k] ∈ C(q).

β Buffer factor for α-min-wise sample.

K Guaranteed queryable sample size of α-min-wise sample.

However, the intersection may also contain some false pos-
itives, i.e., records that were hashed in CMi [ j, h j

i (vqi )] due
to one or more random collisions. By taking the minimum
intersection size across all d rows, we try to minimize the
effect of such false positives.

Error boundsThe following lemmaprovides probabilistic
guarantees for the estimator of Eqn. 1.

Lemma 1 Let f̂ (q) be the estimate provided by Equation 1
on sketches constructed with d = �ln( 1

δ
)�,w = 1+� e

ε
�. For

query q with p predicates:

Pr
(
| f̂ (q) − f (q)| ≤ εN

)
≥ 1 − δ (2)

Proof Consider row j ∈ {1 . . . d}. Let us define an indicator
variable Iy, j , which takes the value of 1 for all records y
satisfying the following condition:

∀qi∈q [h j
i (vqi ) = h j

i

(
yi

)] ∧ ∃qi∈q [vqi �= yi ]

Informally, the described condition is true for all false
positive records, i.e., records that are contained in the inter-
section but do not fully satisfy the query. Also, variable
X j = ∑N− f (q)

y=1 Iy, j is a counter of these false positives
for row j .

Recall that the estimator for row j is as follows: f̂ j (q) =
|R j

∩|, where R j
∩ denotes the intersection of the cells at posi-

tion h j
i (vqi ), for i = {1, . . . , p}. We need to prove that: (a)

all records that satisfy all predicates will be contained in R j
∩,

i.e., there will be no false negatives, and (b) the total number
of false positives X is upper-bounded w.h.p..

For (a), notice that for any record y satisfying yi = vqi

for i = {1 . . . p}, we will have yi = vqi ⇒ h j
i (yi ) =

h j
i (vqi ). Therefore, all records satisfying all predicates will

be included in R j
∩.

For (b), a record will be a false positive and increase the
value of X j by 1 if for all attributes yi for which yi �= vqi , we

have h j
i (yi ) = h j

i (vqi ). Let X
j
k denote the number of records

contained in R j
∩ that satisfy exactly p−k predicates, i.e., they

do not satisfy k of the p predicates, but they are retrieved by
the algorithm due to hash collisions. Then, X j = ∑p

k=1 X
j
k .

By construction of the hash functions, a record ywith yi �=
vqi will have h

j
i (yi ) = h j

i (vqi ) with probability 1/w. Since
the hash functions are pairwise-independent, the probability
that a record differing from q in k attributes hashes in the
same cells is 1/wk . Therefore, E[X j

k ] ≤ (N − f (q))/wk ,

and E[X j ] = ∑p
k=1 E[X j

k ] ≤ (N − f (q))∗ (1/w+1/w2 +
. . .+1/w p) = (N− f (q))∗(1−(1/w)p)/(w−1). By setting
w = 1+�e/ε�we get E[X ] = (N − f (q))/e∗(1−ε p)/ε ≤
ε(N − f (q))/e ≤ εN/e.

Notice that we have d rows, each with different hash func-
tions. By Markov’s inequality, we have

Pr [X ≥ ε(N− f (q))]=Pr [∀ j∈[1...d]. f̂ j (q)> f (q)+εN ]
= Pr [∀ j∈[1...d]. X j > eE[X ]]
< e−d
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where f (q) denotes the true answer and X j denotes the false
positives at row r , i.e., X j = f̂ j (q)− f (q). The final bound
follows by setting d = �ln(1/δ)�. ��
S0∩: An Improved Estimator.The S0min estimator is based
on the conventional estimation logic in the standard Count-
Min sketch [11]; that is, it produces an estimate per row and
takes the minimum across all the d row estimates. Similar to
standard Count-Min estimation, it is easy to see that S0min

can only overestimate the true count due to hash bucket col-
lisions (false positives). However, compared to the standard
Count-Min, each bucket in S0 contains much more detailed
information that can be exploited to provide much tighter
estimates (i.e., with less false positives). The key observation
here is that, by construction of S0, each record that satisfies
the full query will end up in the cells of all d rows for this
query and for all p predicates, whereas false positives are
expected to only end up in a few of the rows. Thus, without
modifying the sketch construction or space/time complexity,
we can get a tighter estimator by removing the min operation
across rows and simply intersecting the rid-sets returned by
all d rows. We refer to this tighter S0 estimator as S0∩, and
formally define it as follows:

f̂ (q) =
∣∣∣
∣∣∣

⋂

i={1...p}, j={1...d}
CMi [ j, h j

i (vqi )]
∣∣∣
∣∣∣

(3)

Clearly, this new S0∩ estimator can also only overesti-
mate the true count due to hash collisions – at the same time,
it guarantees fewer (or the same) false positives since it is
always less than or equal to the S0min estimate in Eqn. 1.
We now demonstrate the stronger error guarantees of S0∩,
proving that it allows us to bound the error by εd(N − f (q))

instead of ε(N − f (q)), without changing the space com-
plexity of the sketch.

Lemma 2 Let f̂ (q) be the estimate provided by Equation 3
on sketches constructed with d = �ln( 1

δ
)�,w = 1+� e

ε
�. For

query q with p predicates:

Pr
(
| f̂ (q) − f (q)| ≤ εd(N − f (q)) ≤ εd N

)
≥ 1 − δ

Proof The proof is similar to the proof for Lemma 1.
We define an indicator variable Iy , which takes the value

of 1 for all records y satisfying the following condition:

∀qi∈q [∀1≤ j≤d [h j
i (vqi ) = h j

i

(
yi

)] ∧ ∃qi∈q [vqi �= yi ]]

Informally, Iy becomes 1 for all false positive records,
i.e., the records that hash to the same cells as the query
predicate value, at all d rows and at all p predicates. Also,
X = ∑N− f (q)

y=1 Iy is a counter of the total number of false
positive records.

We will prove that (a) all records that satisfy all predi-

cates will be contained in
d⋂

j=1
R j

∩, i.e., there will be no false

negatives, and, (b) the number of false positives X is upper-
bounded w.h.p..

For (a), notice that for any record y satisfying yi = vqi

for i = {1 . . . p}, we have yi = vqi ⇒ ∀1≤ j≤d [h j
i (yi ) =

h j
i (vqi )]. Therefore, all records satisfying all predicates will

be included in the intersection of all R j
∩, denoted as R∩.

For (b), a record y will increase the value of X if for
all attributes yi for which yi �= vqi , and for all rows j ∈
{1 . . . d}, it collides with h j

i (vqi ), i.e., h
j
i (yi ) = h j

i (vqi ). The

probability of this collision at a single row j is Pr [h j
i (yi ) =

h j
i (vqi )] = 1/w. Furthermore, by independence of the hash

functions across sketch rows, the probability that a record
collides with the query at all d rows j will be 1/wd .

Let Xk denote the number of records from R∩ that satisfy
exactly p − k predicates. Then, E[Xk] ≤ (N − f (q))/wkd ,
and E[X ] = ∑p

k=1 E[Xk] ≤ (N − f (q))
∑p

k=1 1/w
kd =

(N − f (q)) 1−w−d(p+1)

wd−1
< (N − f (q))/(wd − 1). By setting

w = 1+ �e/ε�, we get E[X ] ≤ (N − f (q))/((1+ e/ε)d −
1) ≤ εd(N − f (q))/ed .

The following bound follows directly from Markov
inequality:

Pr [X ≥ εd(N − f (q))] = Pr [X ≥ ed E[X ]]
≤ e−d

Then, by setting d = �ln(1/δ)� we get our final bound,
Pr [X ≥ εd(N − f (q))] ≤ δ ⇒ Pr [X ≥ εd N ] ≤ δ ��

3.2 Sketch S1 (OmniSketch): Achieving sublinear
space through sampling

Sketch S0 stores the record ids of all records, resulting
in a space complexity of O(d × |A| × N ), which is not
viable for large data streams. Our full-fledged cash register
OmniSketch (also denoted by S1 in what follows), achieves
space complexity strictly sublinear in N by taking and main-
taining samples of rids in the cells of the attribute sketches,
using a min-wise hashing algorithm [23]. We now describe
our OmniSketch solution, assuming that two key parame-
ters (the maximum sample size per cell B and the range of
the sampling hash function [0, 2b − 1]) are already set. We
explain how these values are determined later in this section.

Similar to S0, S1 is composed of a collection of |A|
attributes sketches. Furthermore, S1 incorporates a hash
function g : D(r0) → {0, 1}b, which maps each record id to
a bit string of length b, with b set to at least �log(4B2.5/δ)�.
Function g is necessary for min-wise hashing (Section 2).
The |A| attributes sketches CM1,CM2, . . . ,CM|A| are all
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Algorithm 1 Adding a record r to the sketch
1: Input: record r
2: for i ∈ {1 . . . |A|} do
3: for j ∈ {1 . . . d} do
4: k ← h j

i (ri )
5: cnt(CMi [ j, k]) ++
6: if |Si ( j, k)| < B then
7: Add g(r0) to Si ( j, k)
8: Recompute Smax

i ( j, k)

9: if |Si ( j, k)| == B then
10: if g(r0) <Smax

i ( j, k) then
11: Remove Smax

i ( j, k) from Si ( j, k)
12: Add g(r0) to Si ( j, k)
13: Recompute Smax

i ( j, k)

of the same sizew×d. Each sketch cellCMi [ j, k] contains:
(a) the count of all items that were hashed in this cell, denoted
as cnt(CMi [ j, k]), (b) a min-wise sample Si ( j, k) of maxi-
mum size B, of the rid hash values g(r0) of all records r that
were hashed in this cell, and, (c) the maximum hash value of
all items contained in Si ( j, k), denoted as Smax

i ( j, k) . Notice
that cnt(CMi [ j, k]) also includes items that were hashed in
CMi [ j, k] but did not end up in the sample, and it is expected
to be much greater than B in a populated sketch. Fig. 2 (the
green-shaded box) shows an example of a populated cell’s
contents, with B = 4 and b = 5.

Initialization The user chooses the desired error guar-
antees (ε, δ), with ε < 0.25. Let (ε1, δ1) and (ε2, δ2)

correspond to the (ε, δ) configurations of the min-wise hash-
ing algorithm and the attribute sketch respectively, and ε1 =
ε, ε2 = (ε/(1 + ε))1/d , and δ1 = δ2 = δ/2. We initial-
ize all attribute sketches, by choosing w and d similar to S0.
Each cell in these sketches is initializedwith an empty sample
Si ( j, k), andwith cnt(CMi [ j, k]) = 0 and Smax

i ( j, k) = ∞.

Insertion To add a new record r to the sketch, we first
locate all cells across the |A| sketches that correspond to the
values of r (lines 2-4, Alg. 1). These are the cells C(r) =
{CMi [ j, h j

i (ri )] : i = {1, . . . , |A|}, j = {1, . . . , d}}.
For each of these cells CMi [ j, k] ∈ C(r), we increase
cnt(CMi [ j, k]) by one (line 5). Then, we examine whether
g(r0) should be added to the sample of the cell (lines 6-10),
as follows. If the sample contains less than B items, then
g(r0) is added to it. If, on the other hand, |Si ( j, k)| = B
and g(r0) < Smax

i ( j, k) (i.e., the sample is full, but the new
record’s id has a smaller hash value g compared to another
record from the sample),we remove Smax

i ( j, k) from the sam-
ple to make space for g(r0). Finally, we add g(r0) to Si ( j, k),
and recompute Smax

i ( j, k) . 1 The complexity of inserting an
element is O(|A| × d × log(B)).

1 To speed-up the computation of Smax
i ( j, k) , as well as the estimation

process, the samples Si ( j, k) are maintained in a red-black tree. There-
fore, re-computation of Smax

i ( j, k) takes (amortized) constant time.

OmniSketch Query Estimation. Let q denote the input
query. Aswith S0, we assume that q contains allA attributes,
i.e., p = |A|; if an attribute is not contained in q, the estima-
tor simply ignores the corresponding attribute sketch. Each
query attribute value vqi is hashed using the d hash func-
tions of the corresponding sketch CMi , which leads to d
cells per sketch. Let C(q) denote the set of cells across
all sketches that are accessed to answer the query, i.e.,
C(q) = {CMi [ j, h j (vqi )] : i = {1 . . . p}, j = {1 . . . d}},
and nmax = maxCMi [ j,k]∈C(q) cnt(CMi [ j, k]) be the max-
imum count of these cells. Following the reasoning of our
improved S0∩ estimator, let

S∩ =
⋂

i={1...p}, j={1...d}
Si ( j, h

j (vqi ))

denote the intersection of all samples stored in all cells in
C(q). Our OmniSketch estimator f̂ (q) is computed as fol-
lows:

f̂ (q) = nmax

B
× |S∩| (4)

Intuitively, this estimator computes the cardinality of the
intersection of all samples inC(q) and scales it up by a factor
of nmax

B , to account for the sampling. Based on the analysis
of min-wise hashing [23], our estimator comes with a sanity

bound of 3nmax log(4pd
√
B/δ)

Bε2
to cover the case of insufficient

samples in the intersection.

Efficient computation of the intersectionComputing |S∩|
requires a multi-way join over all samples that participate in
the query. For large values of B, a naive hash-based compu-
tation of this intersection can take hundreds of milliseconds.
To speed up query execution, we exploit the fact that the
samples at each cell are already stored in a red-black tree,
which allows for sorted iteration and search with complexity
logarithmic in B. Our code is an extension of the sort-merge
join for multi-way joins. Starting from the first cell, we get
the first sample (the one with the minimum hash value), and
execute a lookup on all other cells to check whether this hash
value is contained in their samples. As soon as we find a
cell that does not contain this sample, we get the smallest
sample from that cell with a hash value greater than the one
that failed, and resume our search from this value (no other
value in between the failed and this value could be part of the
join). An interesting observation, which also becomes obvi-
ous in our experimental results (see Section 5), is that this
algorithm typically becomes more efficient when answering
queries with more predicates, because it allows for larger
steps. For example, if one of the cells contains very few sam-
ples, this cell will lead to skipping many candidate records
at all other cells. This can bring the complexity of query
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execution from O(p ∗ d ∗ B ∗ log(B)) down to effectively
O(B log(B)).

Derivation of error bounds The following theorem pro-
vides the error guarantees for our OmniSketch estimator. The
nature of the guarantee, whether it depends on εN or on
nmax/ε

2, is determined by the number of witnesses of the
intersection (|S∩|). It is important to note that in any realistic
setting, nmax << N .

Theorem 1 Consider an OmniSketch with ε1 = ε, ε2 =
(
ε/(1+ ε)

)1/d
, and δ1 = δ2 = δ/2. If |S∩| <

3 log(4pd
√
B/δ)

ε2
,

setting f̂ (q) = 2nmax log(4pd
√
B/δ)

Bε2
satisfies | f (q) − f̂ (q)| <

2nmax log(4pd
√
B/δ)

Bε2
with probability at least 1 − δ/2. Other-

wise, setting f̂ (q) = nmax
B ×|S∩| satisfies | f (q)− f̂ (q)| ≤ εN

with probability at least 1 − δ.

Proof sketch. f (q) has two sources of errors: (a) underes-
timation or overestimation due to min-wise sampling, and,
(b) (one-sided) overestimation due to hash collisions in the
outer Count-Min structure. We first provide a bound on the
sampling error using the analysis in [23], which is oblivious
to hash collisions, and then integrate the error due to hash
collisions, of Lemma 2. The full proof of Theorem 1 can be
found in [24] (Theorem 3.3).

The following corollary simplifies the estimation proce-
dure, by always using the second estimator.

Corollary 1 Let f̂ (q)= nmax
B ×|S∩|. If |S∩|< 3nmax log(4pd

√
B/δ)

Bε2
,

then | f (q) − f̂ (q)| ≤ 4nmax log(4pd
√
B/δ)

Bε2
with probability

at least 1 − δ/2. Otherwise, the same estimator satisfies
| f (q) − f̂ (q)| ≤ εN with probability at least 1 − δ.

The corollary follows directly from the theorem, by notic-

ing that when |S∩| <
3nmax log(4pd

√
B/δ)

Bε2
, then f (q) ∈

{0, 4nmax log(4pd
√
B/δ)

Bε2
} with high probability, and f̂ (q) ∈

{0, 4nmax log(4pd
√
B/δ)

Bε2
}. Therefore, with high probability, the

estimator is at most 4nmax log(4pd
√
B/δ)

Bε2
away of f (q).

Complexity The space complexity of S1 is O(w × d ×
B×b×|A|). Computational complexity for query execution
is O(p × d × B × log(B)), and for insertions is O(|A| ×
d × log(B)/t), where t is a small buffer for ingestions that
is flushed when full or at query time and the last logarithm is
for maintaining an ordered set of samples, which speeds up
insertions and queries.

Configuring the sketch The user sets the available mem-
ory M , and the values of ε and δ. The values of w and d
are computed as follows: w = 1 + �e ∗ ((ε + 1)/ε)1/d� =
�((1/ε)1/d) and d = �ln(2/δ)�. In order to not exceed the
memory quota M (in bits), the user chooses the maximum B

that satisfies M ≥ w ∗d ∗ |A| ∗ (32+ B ∗ (�log(4B2.5/δ)�+
1)). 2

3.3 Extensions

Support for range queries All proposed sketches support
range queries on numeric attributes, as well as combi-
nations of range and point predicates, e.g., counting the
number of records with integer(112.1.4.1) ≤ i pSrc ≤
integer(112.1.255.255), integer(202.21.1.1) ≤ i pDest ≤
integer(202.22.255.255), and 0 ≤ dscp ≤ 16. This is
achieved by indexing and querying dyadic ranges, similar
to the technique used in Count-min sketches [11]. In particu-
lar, the ranges-enabled OmniSketch contains log(|D(ai )|)
internal attributes sketches for each attribute ai , denoted
as CM(i,0),CM(i,1), . . . , CM(i,log(|D(ai )|)−1). Each internal
sketch CM(i,k) keeps the frequency statistics for dyadic
ranges of length 2k . Therefore, CM(i,0) stores statistics for
points, CM(i,1) stores statistics for ranges of size 2, and so
on.

A record r is indexed into the sketch as follows. For each
numerical attribute ri , and for k = 0 to log(|D(ai )|) − 1, we
find all ranges of the form [x ∗2k +1, (x +1)2k] that contain
ri , where x ∈ Z

∗. For each range of size 2k , we add x to
CM(i,k). Query execution follows a similar process. At query
time, any range predicate is broken to its canonical cover – all
sub-ranges that follow the above form. Then, for each row of
the sketch, we query all sub-ranges and merge the retrieved
samples, effectively constructing a single sample that covers
the complete query range. The remaining querying process
remains identical to point queries.

Maintenance of the internal range sketches increases the
space and time complexity of the sketch by a factor of
log(|D(ai )|). The approximation error depends on the num-
ber of dyadic ranges contained in the canonical cover of the
query, which is at most 2 log(|D(ai )|), as in [14]. Therefore,
the total error is at most 2ε log(|D(ai )|)N .

4 OmniSketchB for bounded deletes

In this section, we describe OmniSketchB , a novel sketch
that extends OmniSketch to support streams with dele-
tions. OmniSketchB is designed for thewidely-used bounded
deletes model, where the deletions-to-insertions ratio can
be bounded from above, e.g., the number of deletions does
not exceed 90% of the number of insertions in the stream.
OmniSketchB leverages this bound, parameterized via α (see
Section 2), to optimize its space requirements and increase

2 To the best of our knowledge, there is no closed-form solution of this
formula. However, the solution can be efficiently approximated with a
numerical computation toolkit, e.g., using the bisection method.
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Fig. 3 : Sample of size βK .
Red indicates buffer, Green
indicates queryable sample

Algorithm 2 Insert record (r)
1: t ← t + 1
2: h ← g(r0)
3: if c ≤ βK then
4: Insert h into S
5: c ← c + 1
6: τ ← max(S)

7: else if h < τ then
8: minr ← min(minr , τ )

9: Remove τ from S.
10: Insert h into S.
11: τ ← max(S)

12: elseminr ← min(minr , h)

its throughput. On the theoretical side, the sketch relies on a
novel sampling algorithm for maintaining correct min-wise
samples in the presence of deletions. On the technical side,
provisioning for deletions induces additional computational
complexity, which is addressed with a revised data structure.
Note that OmniSketchB reduces to the insertion-only sketch
S1 when configured with a 0% deletions-to-insertions ratio.

We start by introducing α-min-wise sampling, a novel
sampling algorithm designed for the bounded deletes model.
Briefly, α-min-wise sampling guarantees correct mainte-
nance of a min-wise sample of streams with deletions We
then establish the theoretical foundation linking the parame-
ter α to the correctness guarantees of the sampling algorithm.
Finally, we integrate α-min-wise sampling into OmniSketch
to derive OmniSketchB .

4.1 ˛-min-wise sampling

S1, the sketch for insert-only streams, relies on the min-wise
hashing algorithm [23] to estimate the cardinality of inter-
sections across cells. However, standalone min-wise hashing
fails to maintain a correct sample when deletions occur.
Specifically, deleting a sampled record creates an empty slot.
The optimal replacement – the record with the next small-
est hash value among all records – may have already been
observed in the stream but was discarded at the time for hav-
ing a hash value above the threshold. α-min-wise sampling
extends the standard min-wise hashing of [23] to address this
issue. The key idea is straightforward: maintain a standard
min-wise sample of size K as in [23],while storing additional
backup samples to replenish slots vacated by deletions.

Figure 3 depicts how α-min-wise sampling works. To
guarantee a min-wise sample of size K after deletions, the

Algorithm 3 Delete record (r)
1: t ← t − 1
2: h ← g(r0)
3: if h > τ then return
4: if h ∈ S then
5: Remove h from S.
6: c ← c − 1
7: τ ← max(S)

algorithm maintains a larger min-wise sample of size βK ,
with β > 1, e.g., β = 1.5. The extra (β − 1)K samples act
as a buffer to anticipate deletions. At query time, the K ′ ≥ K
records with the lowest hash values are used as the queryable
sample.

In the following, let S denote the whole sample.

Initialization. The algorithm maintains four parameters
in addition to the samples: (a) t , the total number of inserted
records, including those not kept in the sample, (b) the hash
value threshold τ , used to decide record inclusion in the
sample, (c) c, the current sample size, and (d) the minimum
rejected value minr , which keeps track of the smallest hash
value of any record that was either ejected from the samples,
or failed to get in. The intuition behind minr is that it will
enable us to find the subset of samples from S that are not
affected by any of the deletions. Initially, τ = minr = ∞,
and c = 0.

Insertions.When a record r arrives, increment t and com-
pute g(r0). Three cases follow (Alg. 2):

• c ≤ βK (lines 3-6): Insert g(r0), increment c, and set τ

to the maximum hash signature in S.
• c = βK and g(r0) < τ (lines 7-11): If the current minr

is higher than τ (the maximum signature in S), set minr
to τ and evict τ from S. Insert g(r0) to S and update τ to
the value of the maximum signature in S.

• c = βK and g(r0) ≥ τ (line 12): Reject the record, and
update minr if necessary.

minr tracks the minimum hash among all evicted or rejected
items. Thismeans that, at any point of time, we can guarantee
that none of the evicted or rejected records has a hash value
less than minr . We use this property at query time to derive
the value of K ′.

Deletions. For a deletion (Alg. 3), decrement t and com-
pute g(r0). Then:

• g(r0) > τ (line 3): The record is not in S. Do nothing.
• g(r0) ≤ τ and g(r0) ∈ S (lines 4-7): Remove g(r0) from

S, decrement c and update τ to correspond to the value
of the maximum signature in S.
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• g(r0) ≤ τ and g(r0) /∈ S: This case happens when
threshold τ was increased between insertion time and
deletion time of r . Do nothing.

Query execution. Let S1, S2, . . . , Sk be the samples to
intersect,with ci , ti , and K ′

i corresponding to the values of c, t

and K ′ for each sample Si . We first compute S∩:= ⋂k
i=1 Si ,

tmax:=maxki=1 ti , and imax:= argmaxki=1 ti (i.e., the id of the
sample with the maximum t).

For each sample Si , K ′
i is computed by counting the num-

ber of samples in Si with a hash value less than minr , i.e.,
K ′
i = ∣∣{ r ∈ Si | g(r0) < minr }∣∣. Then, the estimate of

the cardinality of the intersection of all streams is computed
using the same min-wise hashing estimator used by S1:

f̂ := tmax

K ′
imax

|S∩| (5)

Configuration of β As long as each sample Si participat-
ing in the query contains at least K ′

i ≥ K valid samples, the
estimator of Eqn. 5 is the standard min-wise hashing estima-
tor of [23], and comes with the same error guarantees. We
will now consider the probability that there exists at least
one sample Si participating in the query, with K ′

i < K . In
this case, the estimator remains valid and its error probability
must be interpreted using the smaller effective sample size
K ′
i rather than K . The experiments in Figure 22 show that in

practice the error degrades gracefully in this case.
Thevalue ofβ controls the ability of the sketch to replenish

the K min-wise samples after deletions. At the same time, a
high β leads to higher space complexity and slower updates.
Therefore, we want to set β as small as possible, to reduce
the space complexity of the algorithm, but also sufficiently
large such that the number of deletions from the sample is
not larger than the buffer size, with high probability.

Let I and D correspond to the sub-streams of all inserts
and all deletions from our stream.Wewill model the problem
as follows: the population size is |I|, out of which βK will
also endup in the sample. Sincewe are using the same estima-
tor as standardmin-wise hashing for K samples, the accuracy
of our estimator will be compromised when the number of
surviving samples K ′ after executing allDdeletions becomes
less than K . This happens if at least (β − 1)K + 1 records
are removed from the sample. In the opposite case, we say
that the queryable sample remains valid.

The following lemma allows us to adjust the probability
that a queryable sample remains valid in the bounded deletes
model by changingβ. Intuitively, we firstmodel the probabil-
ity that a deletion removes one record from a sample of size
βK , exploiting the fact that the hash function g(·)maps each
record uniformly in the hashing domain. This probability
follows the Hypergeometric distribution [25]. Therefore, the

probability that at least (β−1)K deletions succeed removing
one record from the sample (different each time), is modeled
by the cumulative Hypergeometric distribution function F .
This allows us to use this distribution to set βK , the total
number of samples such that the probability that the sam-
ple becomes invalid (hence the accuracy of the estimator is
compromised) is less than a probability δ.

Lemma 3 Let α ≥ 1 and 0 < δ < 1. By setting β such that
it satisfies

F

(
(β − 1)K , |I|, βK , (1 − 1/α)|I|1

)
≥ 1 − δ (6)

the probability that queryable sample is valid is Pr [X ≤
(β − 1)K ] ≥ 1 − δ.

Proof Let X be a random variable that denotes the number of
deletions from the sample.As the deletions are drawnwithout
replacement uniformly over the insert stream, X follows the
Hypergeometric distribution [25], i.e.,

X ∼ Hypergeometric(|I|, βK , (1 − 1/α)|I|)

where (1−1/α)|I| represents themaximum number of dele-
tions in the stream under the bounded deletes model. For
X ≤ (β − 1)K we know that the queryable samples is valid,
since any removal from it is automatically replenished from
the buffer sample, and the remaining queryable samples will
be K ′ ≥ K . We want to know the minimum value of β for
which the queryable sample will be valid, i.e., we want to
solve Pr [X ≤ (β − 1)K ] ≥ 1 − δ for β:

Pr [X ≤ (β − 1)K ] = F

(
(β − 1)K , |I|, βK , |D|

)

≥ F

(
(β − 1)K , |I|, βK , (1 − 1

α
)|I|

)

≥ 1 − δ ⇒
F

(
(β − 1)K , |I|, βK , (1 − 1

α
)|I|

)

≥ 1 − δ

��
For known values of K , |I| and α, Inequality 6 allows us

to choose the smallest β ensuring that the probability that the
sample is valid is at least 1− δ, for arbitrary values of δ and
α. We are not aware of a closed-form solution for solving
Inequality 6 on β. However, using a numerical computation
toolkit (e.g., SciPy [27]) we can compute the required β in a
few milliseconds for the given parameters. Also notice that
in the typical case, we do not know the exact value of |I|.
However, for |I| > ×106, the optimal β does not change
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significantly. For example, with K = 10, 000, α = 2, and 15
samples to intersect, the computed β value is 2.07±0.01 for
all |I| ∈ {106, 107, 108, 109}. Therefore, we use a default
value of |I| = 106 for computing the required β.

The above lemma helps us compute the required β for
a given α, such that a single queryable sample remains
valid. However, estimating the cardinality of the intersec-
tion between multiple streams requires a sample per stream,
and all of them need to remain valid. The following theorem
can be used for properly initializing the individual samples,
such that all samples are valid.

Theorem 2 Consider set S = {S1, S2, . . . Sn} of n α-
min-wise samples, summarizing n streams, denoted with
R1, R2, . . . , Rn. All streams satisfy the bounded deletes
model, with parameters α1, α2, . . . , αn respectively. Let α =
maxni=1 αi . Random variable Xi denotes the (unknown) num-
ber of deletes from sample Si . By setting δs = 1 − n

√
1 − δ

and βi such that it satisfies Pr [Xi ≤ (βi −1)K ] ≥ 1−δs for
each sample Si ∈ S (according to Lemma 3), the probability
that any sample used for the query is not valid (i.e., it contains
less than K samples) is Pr [∃si∈S[Xi > (β − 1)K ]] ≤ δ.

Proof Let Xi be the number of deletions from sample Si ∈ S
and Yi be an indicator random variable that takes value 1 if
Xi > (β − 1)K , and 0 otherwise. We want to compute the
probability that for all i , Xi = 0, i.e., all queryable sam-
ples Si used in the query are still valid. This probability
is 	n

i=1Pr [Yi = 0]. For each stream Ri with a bounded
deletes parameter αi , we configure sample Si with parame-
ter βi such that Pr [Yi = 0] ≥ 1 − δs . Then, 	n

i=1Pr [Yi =
0] ≥ 	n

i=1(1−δs) = (1−δs)
n = 1−δ, for δs = 1− n

√
1 − δ.

For practicality,we further simplify this process by assum-
ing a common value of α = maxni=1 αi for all streams. Then,
using Inequality 6 of Lemma 3, we can find the smallest com-
mon β for all samples for which each sample remains valid
with probability at least 1 − n

√
1 − δ. ��

4.1.1 Algorithmic optimizations

The throughput andmemory complexity of α-min-wise sam-
pling depends on the data structure used for storing the set of
samples S. The frequently executed operations on the sam-
ple include: (a) checking if a record is included in S, (b)
adding/removing a record, (c) finding the maximum value
contained in S, and, (d) computing |S1 ∩ S2 ∩ . . . Si |, the size
of the intersection of i samples.

Red-black trees (or other types of self-balancing trees)
allow for high efficiency in all operations – at most O(log(β
K )) cost for the first three operations, and O(i∗βK ) for com-
puting the size of the intersection, using, e.g., the leap-frog
join algorithm [26], which is worst-case optimal. However,
these data structures double the memory requirements for

maintaining the pointers. Hash maps are more memory-
efficient, but they require cost linear to βK for finding the
maximum value contained in S, which is necessary after
every insertion or deletion.

In this work, we store S in a conventional array of sizeβK ,
denoted as Sarr , which we maintain sorted during insertions
and deletions. Since the array is sorted, locating a record
in the sample requires only a binary search of complexity
O(log(βK )). The intersection of two or more samples is
also computed efficiently with leap-frog join. Furthermore,
iterating over the samples, which is a key operation in leap-
frog joins, is very efficient because the samples are stored in
consecutivememory. A downside of this representation is the
high cost of memory copy operations during insertions and
deletions, which becomes important for the throughput of the
algorithm, particularly when βK is large. We mitigate this
issue by maintaining two small buffers, an insertion buffer
Bi and a deletion buffer Bd , each with capacity to store a few
tens of updates. The role of these buffers is to allow batching
of the memory copy operations, e.g., instead of doing one
(potentially large) memory copy for each insert, we do |Bi |
smaller ones for all inserts contained in Bi , and similarly for
the deletes.

More precisely, buffering works as follows. All updates
(both inserts and deletes) with hash values less than τ are
pushed in the two buffers instead of being executed directly
in Sarr . These buffers are flushed in three cases: (a) before
querying, such that Sarr is up-to-date, (b) when Bi is full, to
make room for more updates, and, (c) whenever |Bd | = |Bi |,
even if the buffers are not yet full. It can be shown that
these three conditions are sufficient for the algorithm with
buffers to simulateα-min-wise samplingwithout buffers dur-
ing query execution. Intuitively, condition (a) maintains that
the algorithm always uses an up-to-date sample for query
execution, whereas condition (b) ensures that no data will be
lost due to full buffers. Finally, condition (c) guarantees that
the value of τ of the algorithm with buffers will always be
greater than or equal to the threshold of the algorithmwithout
buffers. This guarantees that any update – insertion or dele-
tion – that may affect S will be stored in the corresponding
buffers, and eventually flushed to Sarr , leading to a sample
that is identical to the sample of the algorithm without the
buffers.

The flushing algorithm works in the following sequence.
First, each buffer is sorted in descending order. Then, we
start from Bi , applying all inserts using a reverse merge.
Particularly, for each insertion Bi [x], we use binary search
to find the position that it should be inserted in Sarr for
maintaining the sorted order. Let this position be x ′, i.e.,
Sarr [x ′ − 1] < Bi [x] < Sarr [x ′]. Since Bi is sorted in
descending order, we know that the remaining |Bi | − x − 1
inserts followingBi [x] inBi are smaller thanBi [x], and will
need to be inserted before Sarr [x ′]. Therefore, we preemp-
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tively shift all samples following Sarr [x ′] by |Bi | − x − 1
positions, to their final positions after all inserts, and then set
Sarr [x ′ + |Bi | − x − 1] to Bi [x]. When inserting the next
sample, Bi [x + 1], we no longer need to shift the samples
from Sarr [x ′ + |Bi | − x − 1] onward. As a result, each hash
value in the samples needs to be moved at most once while
flushing out the whole buffer. Importantly, while inserting
new hash values in the sample, we do not delete items from
Sarr . Assuming that bothBi and Sarr were full, we will need
to make room in Sarr for inserting |Si | items. However, to
anticipate for the pending |Bd | deletes, the |Bi | hash values
thatwould otherwise be evicted during the insertions are tem-
porarily stored in a small array of size |Bd |, such that they
can be retrieved back after executing the deletes, if needed.
Following, we execute all deletes contained in Bd , using the
same reverse merge approach.

4.2 OmniSketchB

Wewill now present OmniSketchB , which integrates α-min-
wise sampling with OmniSketch.

The data structure and initialization As a data structure,
OmniSketchB is very similar to S1, with the only difference
that it uses α-min-wise sampling to maintain the samples at
each cell. At initialization, the user configures the number
of attributes |A| and the desired error guarantees (ε, δ), with
ε < 0.25. Let (ε1, δ1) and (ε2, δ2) correspond to the (ε, δ)

configurations of the min-wise sampling algorithm and the
attribute sketch respectively. Finally, δ3 corresponds to the
failure probability of α-min-wise sampling. These values are
automatically set as follows: ε1 = ε, ε2 = (ε/(1 + ε))1/d ,
and δ1 = δ2 = δ3 = δ/3. The value ofβ is also automatically
computed such that Pr [Xi ≤ (β−1)K ] ≥ (1 − δ3)

1/(|A|∗d),
according to Theorem 2 for intersecting |A| ∗ d samples.

Updates The update operations are similar to S1, but now
all records are added on the insertion and deletion buffers
of the α-min-wise samples of the cells, as explained in Sec-
tion 4.1.

Query execution Queries are answered as follows. First,
all relevant cells for the query are identified, similar to S1.
We denote the set of α-min-wise samples contained in these
cells withC(q). For all samples c ∈ C(q), their insertion and
deletion buffers (Bi and Bd ) are flushed. Then, we intersect
the samples contained inC(q), anduse the estimator ofEqn. 5
to reach to an estimate for the query answer. It is important to
note here that this estimator utilizes all K ′ records guaranteed
to be valid at each α-min-wise sample, and not only the first
K .

We will now derive theoretical guarantees for the accu-
racy of the estimates of OmniSketchB .3 We need to consider
two error factors, ε1 and ε2, and three failure probabilities,
δ1, δ2, and δ3. Error ε1 stems from the min-wise hashing esti-
mation, whereas ε2 is due to hash collisions in the sketch,
i.e., when two or more attribute values hash to the same cell.
Failure probability δ1 is the probability that the error due to
sampling surpasses ε1, and δ2 is the probability that the error
due to hash collisions in the sketch surpasses ε2. Finally, δ3
is the probability that α-min-wise sampling fails to maintain
a sufficient number of samples K ′ ≥ K in at least one of
the samples used for the query. Notice that, in the absence
of failures of α-min-wise sampling, i.e., for the case that K ′
is greater than or equal to K , Theorem 2 guarantees that
the answers of α-min-wise sampling will be identical to the
answers of min-wise hashing (for the same values of K ′)
and the proof boils down to the proof of Theorem 1 for S1.
Therefore, we now need to combine Theorems 1 and 2 , to
support δ3 ≥ 0.

Lemma 4 follows from the two theorems and allows us to
bound the estimation error of OmniSketchB .

Lemma 4 Consider an OmniSketchB with ε1 = ε, ε2 =
(ε/(1 + ε))1/d , δ1 = δ2 = δ3 = δ/3, and parameter β

set such that it satisfies Pr [Xi ≤ (β − 1)K ] ≥ |A|∗d√1 − δ3

for each sample ci ∈ C(q). If |S∩| <
3log(6∗pd√

K/δ)

K ε2
, then

setting f̂ (q) = 2nmaxlog(6pd
√
K/δ)

K ε2
satisfies | f (q) − f̂ (q)| <

2nmaxlog(6pd
√
K/δ)

K ε2
with probability at least 1 − 2δ/3. Other-

wise, setting f̂ (q) = nmax
K × |S∩| satisfies | f (q) − f̂ (q)| ≤

ε(|I| − |D|) ≤ ε|N | with probability at least 1 − δ, where
I and D is the sub-streams containing the insertions and
deletions, respectively.

Proof For executing a query of p predicates, we use α-min-
wise samples to compute the intersection of |C(q)| = p ∗ d.
We distinguish two cases:

Case 1 There exists at least one sample in C(q) that is
invalid, i.e., X , the number of deletes from the sample is
greater thanor equal to (β−1)K . In this case, the error bounds
of α-min-wise sampling are not guaranteed. This happens
with probability δ3.

Case 2All samples contained inC(q) are valid, despite the
deletions. This happens with probability 1− δ3. In this case,
each sample contains at least K valid records, and the results
of Theorem 1 (both the error ε and the failure probability
1− δ1 − δ2) still apply. So, with probability at least (1− δ1 −
δ2)(1−δ3) ≥ (1−δ1−δ2 −δ3) = (1−δ), the error bound ε

of Theorem 1 holds. Note however that all records contained

3 For our analysis, we assume that deletions are not adversarial, and
specifically that they are pairwise-independent (to be explained in detail
later in the paper).
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inD are removed from the sketch. Therefore, the remaining
records which may cause an estimation error are I \ D, and
the effective stream length becomes |I| − |D|. ��

Complexity The space complexity of OmniSketchB is
O(w × d × β × K × b × |A|). Inserting or deleting a
sample comes with complexity O(|A| × d × log(βK )/t),
where t represents the size of the ingestion/deletion buffer
(typically in the order of a few tens). Query execution takes
O(p × d × βK × log(βK )) time.

Configuring the sketch Similar to S1, the user sets the
available memory M , and the desired values for ε and δ.
The values of w and d are computed as follows: w = 1 +
�e ∗ ((ε + 1)/ε)1/d� = �((1/ε)1/d) and d = �ln(3/δ)�. The
value of β is set following Lemma 4. The GitHub repository
contains a module that computes the value of β, given the
other parameters. In order to not exceed the memory quota
M (in bits), K is set to the maximum value that satisfies
M ≥ w ∗ d ∗ |A| ∗ (32 + βK ∗ (�log(4(βK )2.5/δ)� + 1)).
This value is computed efficiently again using the bisection
method.

Adversarial deletes and support for general updates Our
analysis assumed that deletions are pairwise independent –
deletion of a record does not influence the probability of any
other record to be deleted later in the stream. To illustrate
the reasoning behind this assumption, consider the follow-
ing example: OmniSketchB is configured to allow up to 40%
deletions (i.e., with α = 1/(1−40%) ≈ 1.67), and is used to
summarize a stream of 2 attributes attr1, attr2. The stream
follows the bounded deletes model and satisfies this 40%
deletions bound. Also, 25% of the records in the stream have
attr1 = v1. These records will be hashed to the same d
cells of the sketch for attr1, and they will occupy around
25%/(25% + 75%/w) of the samples in these cells. Indica-
tively, for w = 10, the records with attr1 = v1 will occupy
around 77% of the samples in the d cells corresponding to
attr1 = v1. If these insertions are followed by a targeted
delete of all records with attr1 = v1, these cells will lose
around 77% of their samples, even though the number of
deletes is still less than 40% of the stream. In such a case, the
sketch may provide estimates that do not satisfy the accuracy
guarantees.

There are multiple ways to handle this case. First,
OmniSketchB can easily detect and report this extreme event
that the samples are depleted. The analysis can also be
extended to anticipate for this case, if we know the distribu-
tion of deletions before observing the stream. However, we
expect that an extension that works for the turnstile model
with unbounded deletes (e.g., by replacing α-min-wise sam-
pling with a deletion-resilient sampling algorithm like 2LHS
[13]) would be a preferred approach. We are currently work-
ing on such an approach.

5 Experimental evaluation

The purpose of our experiment was (a) to compare the space
complexity, efficiency, and accuracy of the proposed sketches
to the state-of-the-art and to each other, and, (b) to examine
how the sketches perform when summarizing streams of dif-
ferent characteristics, and in different configurations, both in
the cash register and the bounded deletes model.Wewill first
describe the used datasets, as well as different implemen-
tation concerns. We will then evaluate the sketches in two
phases. Section 5.1 will focus on the sketches for the cash
register model. Then, Section 5.2 will consider the sketches
that can also handle deletes.

Datasets We used the CAIDA dataset [6], the SNMP
dataset [17], the TPC-DS benchmark (table customer) [22],
and a set of additional synthetic datasets to thoroughly evalu-
ate particular properties of the compared algorithms. CAIDA
(109 million records with 6 attributes) is a network flow
monitoring dataset, whereas SNMP (8.2 Million records
with 11 attributes) contains records collected from the wire-
less network of Dartmouth college during the fall of 2003.
The TPC-DS benchmark comes with a dataset generator for
evaluating performance of analytical queries. In our exper-
iments, we used the customer table, generated with a scale
factor 100,000. At this scale, the table contains 99 Million
records. We then selected a subset of 5 attributes that are
suited for use in predicate conditions with frequency queries.
In addition to the above datasets, we generated synthetic
datasets with different properties/distributions, to systemat-
ically evaluate how the properties of the input stream affect
our algorithms. These datasets had up to 11 attributes, with
the attribute values sampled from the uniform distribution
and from Zipfian distributions parameterized with exponents
α = {1.0, 1.1, 1.3, 1.5}.4

Deletions Deletions were generated as follows. First, the
dataset was randomly divided into two partitions: the noise
partition pn and the residue partition pr . All insertions in
the noise partitions were subsequently deleted, leaving only
the records in the residue partition. The update operations
(deletions and insertions) were then shuffled, with the only
constraint being that each record had to be inserted before
it was deleted. The deletes ratio controlled the proportion
of noise insertions relative to total insertions, defined as

|pn |
|pn |+|pr | . Since each record in pn was subsequently deleted,
the total stream length was 2∗ |pn|+ |pr |. Note that the total
stream length increases significantly with the deletes ratio.
For example, for a residue partition of 33 million records, a
50% deletes ratio results in a stream of 100 million updates

4 In Section 5 we use α to denote Zipf’s exponent, to remain consistent
with the literature. This α is unrelated to the one used in α-min-wise
sampling of Section 4.
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(inserts and deletes), while a 90%deletes ratio yields a stream
that exceeds 637 million updates.

Hardware and implementation All experiments were
executed on a Linux machine, equipped with 512 GB RAM
and an Intel Xeon(R) CPU E5-2697 v2, clocked at 2.7GHz.
The experiments were single-threaded, i.e., only one of the
48 cores was used, and the machine was otherwise idle. All
sketches were implemented and executed in Java (OpenJDK
version 19.0.2). For the Hydra baseline, we used the original
code of the authors [21]. Since Hydra was originally con-
structed as a Spark plugin, to avoid unnecessary extra delays
imposed by Spark, we extracted and used only the code that
was necessary for centralized execution. Also, to ensure a fair
comparison, we excluded from Hydra’s implementation any
code and data structures associated with statistics beyond
cardinality estimation, such as the L2 norm and entropy
of sub-populations. Our changes improved Hydra’s perfor-
mance and reduced its space complexity.

aSH [8] was also implemented in Java, single-threaded.
We tested two versions of the algorithm – one with, and one
without the buffer. As predicted in [8], the version with the
buffer offered substantially higher throughput compared to
the onewithout the buffer. Therefore, in the followingwewill
only report results with the buffer. Additionally, for the TPC-
DS stream that contained textual data of varying lengths, e.g.,
city name, we applied hashing to map these attributes to a
fixed-length 32-bit integer. This also drastically improved the
performance (both efficiency and effectiveness) of aSH, by
enabling a fixed-size representation of the sampled attributes
(4 bytes per attribute). This in turn: (a) eliminated the need
for delimiter-based parsing of the samples, which introduces
substantial overhead, and (b) allowed more records to be
stored in the sample.

OmniSketch was also implemented in Java, single thread
ed. Both attribute and min-wise hashing use 32-bit Mur-
murHash [15], with unique seeds per sketch row and rep-
etition. We will be using the following naming to clearly
distinguish between the different proposedOmniSketch vari-
ants: S0min and S0∩ correspond to sketch S0 that uses the two
different estimators presented in Section 3.1, whereas S1 and
S2 correspond to the sketches and estimators presented in
Section 3.2 and Section 4 respectively.

All algorithms were given a few seconds warm-up time
(300 thousand updates), before we started to measure inges-
tion time. Since Java uses just-in-time bytecode compilation,
this warm-up period was utilized to exclude the one-time
cost of this compilation. The code of all methods, as well
as detailed instructions on generating and processing the
datasets and reproducing our results are available in github. 5

5 The code and experiments related to the cash register model (S0 and
S1) are available in https://github.com/wiegerpunter/omnisketch. The

Fig. 4 : Ingestion time and RAM for summarizing dif-
ferent stream lengths. The RAM sizes of different S1-
configurations are included in the legend

5.1 The cash register model

Our first set of experiments focused on evaluating our
sketches that support insert-only streams (sketches S0 and
S1). The purpose of the evaluation was: (a) to compare the
space complexity, efficiency, and accuracy of S0 and S1 to
each other and to the state-of-the-art, and, (b) to examine
how our best performing sketch, S1, performs when sum-
marizing streams of different characteristics, and in different
configurations.

Queries The queries for each dataset were constructed as
follows. At a pre-processing step, we went over a small sam-
ple of the dataset (roughly 0.05% of all records). For each
sampled record, and for each possible number of predicates
p ∈ [2, |A|], we constructed 10 queries by randomly choos-
ing p attributes from the set of attributesA, and their values
in the sampled record as predicates. All queries were main-
tained in a set, effectively filtering out duplicates. This led
to a total of 39,319 queries for the SNMP dataset on 11 dis-
tinct attributes, and 3,304 queries for CAIDA on 6 distinct
attributes. All cash register results are averaged over one rep-
etition of all queries per dataset.

5.1.1 Comparison of S0 and S1

Our first series of experiments was designed for comparing
the twoS0 estimators (S0min andS0∩) withS1, in terms of (a)
stream ingestion time, (b) memory requirements, (c) accu-
racy of the estimates, and, (d) query execution time.Accuracy
was quantified by computing the mean absolute error, nor-
malized by the stream size, i.e.,

∑
q∈Q | f̂ (q) − f (q)|/(N ∗

code related to the turnstile model (S2) is available in https://github.
com/wiegerpunter/omni-deletes.git
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Table 2 : Query execution time in milliseconds, and estima-
tion error

Query Observed
Algorithm Time (ms) Error

S0∩ 20.886 4 × 10−6

S0min 29.867 0.0038

S1 (10 MB) 0.227 0.0004

S1 (50 MB) 1.212 0.0003

S1 (100 MB) 2.452 0.0003

S1 (200 MB) 6.620 0.0003

|Q|), where N denotes the stream size andQ denotes the set
of executed queries. For this set of experiments, all sketches
were configured with ε = 0.1 and δ = 0.1. We tested four
different configurations of S1, with 10, 50, 100, and 200 MB
of RAM.

Figure 4 shows the required time andmemory for summa-
rizing subsets of the SNMP stream (all 11 attributes), with the
compared sketches. Recall that S0min and S0∩ use the same
sketch, and are therefore presented together as S0 in this fig-
ure. S1 memory requirements are not included in the figure
as separate series, since these are fixed for each configura-
tion. As expected, we see that the required time for building
all sketches (left axis) grows linearly with the stream size.
Sketch S1 is however significantly more efficient, requiring 4
to 5 times less time compared to S0. Also, the throughput of
S1 decreases when the sketch is allowed to use more mem-
ory. This is again expected, since a higher memory quota
for S1 translates to a higher value of B (more samples per
cell), which leads to slower maintenance of the red-black
tree. Still, even for S1 with 200 MB RAM and 11 attributes,
throughput exceeds 89 thousand updates per seconds. Also
notice thatS1 ingestion time forms a subtle, yet visible, elbow
(e.g., for S1 with 200MB, this happens at around 2.7Million
updates). This elbow signifies that the K min-wise samples
at most cells in the sketch reached to an almost stable state,
and the probability that any new update needs to be added to
the samples is small. At this point, most updates take only
O(|A|×d) time, as opposed to O(log(B)×|A|×d). Finally,
we observe that the memory requirements of S0 (Fig. 4, right
axis) grow linearly with the stream size, since all records are
kept in the sketch.

Table 2 summarizes the average error and query execution
time for all considered configurations. We observe that both
S0 variants take significantly more time for query execution
compared to theS1 variants. The difference in performance is
somewhere between 1 and 2 orders of magnitude, depending
on the memory quota of S1. The reason for this stark dif-
ference is because the S0 variants need to iterate over very
large sets for computing the intersection, whereas S1 iterates

Fig. 5 : Ingestion Time for Hydra and S1, across vertical
partitions (varyingnumber of attributes) of theSNMPstream.
For clarity, the plot is split into two sub-plots, with different
Y-axis scales

over samples of size B, with B in the order of a few tens of
thousands. We also see that S0∩ estimator is notably faster
than S0min, even though both operate on the same sketch
structure. This is attributed to the way the query execution
is implemented in the two estimators. In S0∩, similar to S1,
we start from the first cell, and keep reducing the candidate
records until we intersect all p × d cells (see the relevant
discussion in the implementation of S1, Section 3.2). This
quickly reduces the candidate records. On the other hand,
the implementation of the S0min estimator performs the same
process per row, and takes the minimum value of all rows.
Therefore, S0min repeats each check multiple times, for each
record that satisfies the query.

In terms of approximation error, S0∩ outperforms all oth-
ers, with a negligible average error. This is to be expected,
since S0∩ does not suffer from underestimations and false
negatives, and its probability of including false positives in
the estimate is very small: ε p′d , where p′ denotes the number
of query attributes not satisfied by the record.We also see that
S1, which relies on the intersection, has around an order of
magnitude smaller error than S0min, even though it requires
one to two order of magnitudes less memory for representing
the same dataset.

Summary The comparison between S0min, S0∩ and S1
revealed that S0∩ substantially outperforms the other two
variants in terms of accuracy, but with linear space require-
ments. Therefore, S0∩ is only useful as an alternative to full
indexing, where there is sufficient memory for storing the
whole stream. The size of S0min also grows linearly with the
data, and the estimator also performsworse compared toS0∩.
On the other hand, S1 offers a favorable trade-off between
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Fig. 6 : Estimation error ofHydra andS1, on different vertical
partitions of SNMP

Table 3 : Query Execution Time in milliseconds, for queries
with different numbers of predicates p

# query pred. 2 4 6 8

S1 (10 MB) 0.18 0.13 0.12 0.09

S1 (50 MB) 0.98 0.79 0.68 0.44

S1 (100 MB) 2.02 1.61 1.25 1.13

S1 (200 MB) 6.38 4.33 2.85 2.64

Hydra (10 MB) 0.04 0.04 0.02 0.02

Hydra (50 MB) 0.05 0.04 0.03 0.00

Hydra (100 MB) 0.05 0.04 0.02 0.02

Hydra (200 MB) 0.05 0.04 0.02 0.00

accuracy and space complexity/efficiency, and allows the
user to fine-tune the memory quota in order to fully utilize
the availableRAM.Therefore, for the remaining experiments
and comparison with the state-of-the-art we will only con-
sider S1.

5.1.2 Comparison with the state-of-the-art

Our second series of experiments focused on comparing S1,
our best-performing sketch, with Hydra. The two sketches
were allowed the same memory, and were compared on their
(a) ingestion time, (b) query execution performance, and, (c)
accuracy.

Ingestion time High throughput is the key requirement
for stream processing and summarization. Hence, our initial
experiment aimed to assess the time requiredbyS1andHydra
to summarize the entire stream, and to examine how this time
was affected by the number of attributes in the stream. We
generated streams with varying number of attributes (from

2 to 11) by taking distinct vertical partitions of SNMP (i.e.,
different subsets of the available attributes).

Figure 5 shows the ingestion time of Hydra and S1,
for different memory quotas. Our first observation is that
both algorithms have comparable performance when storing
up to 4 attributes. However, the computational complexity
of Hydra grows exponentially with the number of stream
attributes. This happens because each record in Hydra leads
to 2|A|−1 sketch updates,whereAdenotes the set of stream’s
attributes. Therefore, storing all 11 attributes of SNMP in
Hydra leads to O(211) sub-populations/updates per record,
and takes around 14 thousand seconds for the full dataset
(more than 1 msec per record). It is important to note here
that storing all sub-populations is required in Hydra, not only
for supporting queries with exactly 11 predicates, but also for
supporting queries that contain subsets of these predicates
whenever the exact combinations of the query predicates is
not known before observing the stream.

Interestingly, addition of more attributes has a negligi-
ble impact on the ingestion time of S1. In fact, there exist
cases where adding an attribute does not increase, or even
slightly reduces ingestion time (e.g., when adding the fifth
attribute forS1, 200MB).At first sight, this resultmay appear
counter-intuitive, since adding more attributes means main-
taining more attribute sketches, and storing more samples in
these sketches. This behavior is attributed to the fact that the
most time-consuming step of adding a record at S1 is the
one of maintaining the K min-wise samples, which becomes
faster when the sample size B is reduced. By adding more
attributes in the sketch without increasing its memory quota,
we effectively reduce the sample size B for all of the sketch’s
attributes. This leads to: (a) reduction of the probability that
the red-black tree needs to be updated, and, (b) faster updates
of the red-black tree, whenever these are required.

Accuracy Figure 6 plots the observed error on the two
sketches, for queries with p = 2, 3, and 4 predicates. We
see that even though the number of query predicates does
not significantly influence the accuracy of either method, the
number of stored attributes does influence the accuracy of
Hydra. Beyond 8 attributes, Hydra’s accuracy is reduced,
whereas the accuracy of S1 is not affected. This behavior of
Hydra is again attributed to the number of inserts that Hydra
eventually performs per record: the information summarized
by Hydra increases exponentially to the number of attributes,
leading to more collisions and to a drastic increase of the
observed error.

Query execution time For the final comparison, we used
both Hydra and S1 to summarize all 11 attributes of the
whole SNMP stream (8.3 Million updates). Table 3 sum-
marizes the query execution time for queries with up to 8
predicates. Both sketches are very efficient, requiring less
than 10 msec for executing a query, even in the configuration
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Fig. 7 : Observed error of S1 for different streams. The error
at the Uniform streamwas close to 0 and is thus omitted from
the figure. Legend identical to Fig. 8

with a 200 MB RAM quota. We also note that S1 is slower
than Hydra. This is expected, since S1 needs to compute the
intersection of p× d samples of size B, whereas Hydra only
needs to compute the minimum of an approximately equal
number of counters. For the same reason, the query time for
S1 also grows slightly with the available memory, whereas
Hydra performance stays unaffected. Also notice that S1’s
efficiency increases with the number of predicates, aligning
with our earlier observation (Section 5.1.1). This improve-
ment is attributed to the algorithm’s way of computing the
sets intersection, which becomes more efficient as the num-
ber of attributes/sets increases (see Section 3.2).

SummaryBoth Hydra and S1 require less than 10 msec to
execute querieswith up to 8 predicates. However,S1 substan-
tially outperforms Hydra in efficiency when summarizing
streams with many attributes, with a difference in through-
put that may exceed two orders of magnitude. Importantly,
Hydra’s throughput rate decreases exponentially with the
number of stream attributes. The same trend of exponential
decrease with the number of stream attributes is observed on
Hydra’s estimation accuracy, even for queries that contain
very few attributes. Therefore, Hydra is not a viable option
for summarizing streams that contain many attributes.

5.1.3 Evaluation of S1 with different streams

Our next set of experiments investigates the effect of the
stream properties (distribution of the attribute values and
number of records in the stream) to S1’s efficiency and accu-
racy.

Figure 8 shows the required time for summarizing 5 Mil-
lion records from the following streams:6

– Zipf, α ∈ [1, 1.3, 1.5]: Three different streams. Each of
these streams contains 5 attributes (integer values). We

6 Details for the generation of all streams are included in the project’s
github

Fig. 8 : Ingestion time of S1 for different streams

Fig. 9 : Estimation error of S1 for streams of different lengths

generate the records by drawing random numbers from
Zipfian distributions with exponent α ∈ [1, 1.3, 1.5].

– Uniform: The stream contains 5 integer attributes. The
values for all attributes are drawn by a uniform distribu-
tion.

– CAIDA and SNMP: A vertical partitioning of the
CAIDA and SNMP streams, containing 5 attributes.

We see that S1 requires less than 100 seconds to sum-
marize each stream, even for the 200 MB quota. Also, the
ingestion time for the Zipf streams is notably smaller com-
pared to the uniform stream, and is further reduced as the
Zipf’s α value increases. This behavior can be traced back
to the effort required for maintaining the K min-wise sam-
ples, which aligns with our earlier observation of the subtle
elbow in Figure 4. As the Zipf exponent value rises in this
experiment, the distribution of values becomesmore skewed,
causing more records to hash into the same cells at the corre-
sponding attribute sketches. Consequently, the K min-wise
samples of these cells swiftly reach an almost stable state.
This pattern is also observed in the CAIDA and SNMP
streams, where certain attributes also follow a Zipfian distri-
bution, resulting in faster ingestion compared to the uniform
stream. Still, even for the extreme case that the values for all
stream attributes follow a uniform distribution, S1 through-
put surpasses 150k updates per second.
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The observed estimation error on these datasets is shown
in Figure 7. The presented results correspond to the average
error over 450 queries containing three predicates. We see
that the observed error remains very low in all cases. For
the case of Uniform, the average error is close to 0, whereas
the highest error is observed with Zipf, α = 1.5. The reason
for this is because, as the Zipf exponent grows, the samples
of the popular cells in the sketch (the cells responsible for
storing the values with frequencies at the head of the Zipf
distribution) end up containing almost exclusively records
of these popular values. As a result, not sufficient samples
remain for low-frequency predicates that happen to fall in the
same popular cells, leading to higher estimation errors. This
limitation is common across all small-memory sketches that
provide error relevant to the stream size, e.g., the Count-min
sketch [11].

Our final experiment for the cash register model aimed to
explore the impact of the stream size to the performance of
S1. Since we already demonstrated that the throughput of S1
is unaffected with the stream size (Figure 4), this experiment
focused solely on the impact of the stream size to accuracy.
Precisely, we used S1 to summarize CAIDA, which was the
largest real dataset with 109Million records. At regular inter-
vals, we paused the stream ingestion, executed a fixed set of
3304 queries on the sketch, and computed the estimation
error per query. The depicted results, shown in Figure 9, cor-
respond to themean observed error per interval. As predicted
by the analysis, the observed error inOmniSketch stays stable
with the stream size.

SummaryS1 is efficient in all cases,with a throughput that
exceeds 150k updates per second. In terms of efficiency, the
most difficult distribution is the uniformdistribution, because
it takes longer for the samples in the sketch cells to reach to
a stable state. In terms of accuracy, Zipf distributions with
extremely high values are more difficult for S1. This is a
limitation shared across all small-memory sketches. Further-
more, increasing the stream size does not have a significant
influence on the observed error.

5.2 The bounded deletes model

Our second round of experiments focused on (a) comparing
S2 to S1, the best performing sketch in the previous round of
evaluations, (b) evaluating S2 against aSH, the state-of-the-
art competitor for summarizing streams under the turnstile
model, and, (c) assessing the performance of S2 on streams
and queries of different characteristics.

Queries and algorithms’ configuration Queries were
methodically constructed, to comprehensively cover a broad
spectrumof query characteristics (different numbers of query
predicates and results). Queries were created by: (a) select-
ing random records from the dataset, (b) generating multiple

Fig. 10 : Ingestion time of S1 and S2 on the CAIDA stream,
for different sketch sizes

query instances per selected record, by masking a varying
number of attributes to simulate different predicate counts.
This masking process ensured coverage across queries with
different levels of selectivity, and with different number of
predicates.

For these experiments, S2 was configured with 512 KB
allocated to insertion buffers and 512 KB to deletion buffers
across all cells, i.e., a total of 1 MB allocated for buffering
in the whole sketch. For aSH, a single 1MB buffer was used,
which was sufficient for storing more than 87K records of 3
attributes.7 The reported RAM for both algorithms includes
the 1MB allocated to the buffers. All bounded-deletes results
are averaged over five repetitions.

5.2.1 Comparison of S1 and S2

Recall that S2 can also be used for insert-only streams.When
initializedwithβ = 1, S2 replicates the behavior of S1, using
the same estimators and providing identical error guarantees
and estimates, assuming the sample size remains the same in
the two sketches. However,S2 introduces several algorithmic
optimizations (see Section 4.1.1) that alter how samples are
organized and accessed. These changes affect both the num-
ber of samples that can be stored within the memory quota –
hence also the accuracy of the estimates – and the ingestion
and query throughput. In this set of experiments, we compare
the performance and accuracy of the two sketches to assess
the impact of these optimizations

Figures 10-12 show the ingestion time, query time, and
observed error of the two sketches across various sketch sizes,
on theCAIDAstreamwithout deletions.Our first observation
is that both sketches exhibit comparable ingestion through-
put, even though S2 maintains a sorted array of primitives
rather than a red-black tree. These results are consistent for
different RAM sizes. At first glance, this result is surprising,
as maintaining a sorted array incurs non-negligible memory

7 Larger buffer sizes would render continuous query execution imprac-
tical under aSH since the buffer needs to be flushed before each query.
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Fig. 11 : Query execution time of S1 and S2 on the CAIDA
stream, for different sketch sizes

Fig. 12 : Observed error of S1 and S2 on the CAIDA stream,
for different sketch sizes

copy costs when inserting new samples. This performance
can be attributed to the two buffers used in S2 for insertion
and deletion, which group updates into larger batches, sig-
nificantly reducing the sizes of these of memory copies Fig
11.

In terms of query time, S2 outperforms S1 by an order
of magnitude. This improvement is again due to the orga-
nization of samples in S2, which enhances memory locality
and enables faster computation of the intersections of the
samples: inS2, all recordswithin a sample are stored contigu-
ously inmemory, whereas S1’s red-black tree organization of
samples requires pointer traversal to iterate over the samples.

Finally, we see that S2 offers noticeably improved accu-
racy compared to S1 (Figure 12), when both are allocated the
same memory. This is again attributed to the improved rep-
resentation of the samples as an array, which avoids storing
pointers between the samples, thereby allowingmore records
to be included in the samples.

SummaryWe see that S2 is comparable to or outperforms
S1 across all metrics when summarizing streams that fol-
low the cash register model. These performance gains are
attributed to the contiguous organization of samples in a
sorted array, enabled by the newly introduced insertion and
deletion buffers (Section 4.1.1). Based on these results, we
exclude S1 and all other sketches it outperformed in Sec-

tion 5.1 from the remaining experiments, and focus on S2
and aSH.

5.3 Comparison of S2 with aSH

We now compare S2 with aSH, the state-of-the-art algorithm
for summarizing streams with deletions. In the following
experiments, all streams include 50% deletions, i.e., half of
all inserted elements were later deleted, as described in Sec-
tion 5.

Ingestion Time Figures 13-15 show the ingestion time
of both algorithms across different memory quotas, using
the CAIDA, TPC-DS, and a synthetic dataset. The synthetic
dataset is generated with a 50% deletes ratio, and contains
a total of 20.1 million updates – approximately 13.4 mil-
lion insertions out of which half of them were later deleted.
Attribute values in the synthetic datasets follow the Zipf dis-
tribution with exponent 1.1. CAIDA and TPC-DS also have
a 50% deletes ratio. SNMP was excluded from the experi-
ments with deletions, as it was not large enough to allow for
a meaningful summarization after 50% of the records were
deleted. For each dataset we examined three vertical parti-
tions: for CAIDA and TPC-DS, we constructed partitions
of 3, 4, and 5 attributes, whereas for the synthetic dataset,
which contains 11 attributes, we used partitions of 3, 6, and
11 attributes. To allow for a meaningful comparison between
vertical partitions, all queries were created using a maximum
of three predicates – the ones included in the smallest parti-
tion of each dataset Fig 14.

We observe that the ingestion time of aSH is at least
an order of magnitude higher than that of S2. Ingestion
time increases linearly with the memory quota for both
algorithms. This behavior is expected, as a larger memory
budget allows the two algorithms to maintain larger sam-
ples, which increases maintenance overhead. In the case of
aSH, the entire sample must be scanned whenever records
are evicted, whereas for S2, maintaining a larger sorted array
leads to more expensive memory copies during insertions.
The impact is more pronounced for aSH for two key rea-
sons: (a) aSH maintains a single large sample, whereas S2
maintains w × d × |A| smaller samples that can be updated
more efficiently, and, (b) aSH must scan its entire sample
twice during each eviction cycle, while S2 leverages binary
search and the sorted array to reduce this cost.

Query execution time Figures 16-18 plot the query exe-
cution time for the same input streams. We see that S2 is
several orders ofmagnitude faster than aSH. This is expected,
as aSH must scan its entire sample for each query, whereas
S2 intersects only a few smaller sorted samples using leap-
frog join. Also notice that aSH query time increases when
fewer attributes are indexed, as this leads to larger samples
with more records that need to be traversed for answering the
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Fig. 13 : Ingestion time of aSH and S2, for ingesting different
vertical partitions (varying the number of attributes) of the
CAIDA stream

Fig. 14 : Ingestion time of aSH and S2, for ingesting different
vertical partitions (varying the number of attributes) of the
TPC-DS stream

Fig. 15 : Ingestion time of aSH and S2, for ingesting different
vertical partitions (varying the number of attributes) of the
synthetic stream with Zipf (α = 1.1)

query. Nevertheless, even at the lowest memory quota, aSH
remains significantly slower than S2 Fig 17.

Accuracy Figures 19-21 show the average observed error
for different memory quotas and vertical partitions for the
three datasets. Our first observation is that the accuracy
of both synopses improves with increased memory. The
observed error is negligible across all datasets, though the
synthetic dataset is noticeably more difficult for both algo-
rithms. aSH exhibits slightly better accuracy on CAIDA and

Fig. 16 : Query execution time of aSH and S2, on different
vertical partitions (varying the number of attributes) of the
CAIDA stream

Fig. 17 : Query execution time of aSH and S2, on different
vertical partitions (varying the number of attributes) of the
TPC-DS stream

Fig. 18 : Query execution time of aSH and S2, on different
vertical partitions (varying the number of attributes) of the
synthetic stream with Zipf (α = 1.1)

TPC-DS, whereas S2 achieves comparable or slightly better
accuracy on the synthetic dataset. Overall, both algorithms
offer comparable accuracy across configurations, with dif-
ferences typically on the order of 10−5.

Summary Both aSH and S2 offer comparable accu-
racy with observed error differences on the order of 10−5.
However, S2 significantly outperforms aSH in ingestion
throughput (by one to two orders of magnitude) and in query
execution time (by at least two orders of magnitude). There-
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Fig. 19 : Estimation error of aSH and S2, on different vertical
partitions (varying the number of attributes) of the CAIDA
stream

Fig. 20 : Estimation error of aSH and S2, on different vertical
partitions (varying the number of attributes) of the TPC-DS
stream

Fig. 21 : Estimation error of aSH and S2, on different vertical
partitions (varying the number of attributes) of the synthetic
stream with Zipf (α = 1.1)

fore, even though both algorithms are sufficiently accurate,
the increased efficiency of S2 can be instrumental in high-
throughput or latency-sensitive applications, where ingestion
and querying speed is critical.

5.4 Evaluation of S2 in different configurations

Our final round of experiments investigates the impact of
stream properties on the efficiency and accuracy of S2. To

Fig. 22 : Estimation error of S2 for varying deletes ratios on
a synthetic data stream with Zipf (α = 1.1) and 11 attributes

this end, we consider (a) streams with varying deletes ratios,
(b) streams with different attribute value distributions, and,
(c) queries with varying number of predicates.

For the first experiment, we generated streams with vary-
ing deletes ratios, from 0% to 90%. The total length of the
stream therefore varied from 33 million updates (225) to 637
million updates. The residue partition (size 33 million) and
the queries were in all cases identical after the completion of
the stream, to allow for a meaningful comparison. We eval-
uated four configurations of S2 with different values of β,
ranging from 1.0 (no provision for deletions) to 12.4 (sup-
porting up to 90% deletions). Figures 20 and 22 shows the
observed error for these configurations. Our first observa-
tion is that the error remains low even with 90% deletes –
typically on the order of 1 × 10−3. We also see that the
choice of β affects performance; with β = 1 (no provision
for deletions), the error increases noticeably after just 25%
deletions, and grows sharply at 75% deletions. In contrast,
with β = 12.4 (support for 90% deletions) the error increase
only becomes noticeable after 50% deletions, and remains
more gradual overall. Higher β values also improve accu-
racy even on streamswith no deletions. This is due to the way
the queryable sample is decided in α-min-wise sampling (see
Section 4), which allows the sketch to use K ′ samples at each
cell for answering the query, where K ′ can be significantly
larger than K .

Figure 23 shows the ingestion time for S2, when sum-
marizing CAIDA, TPC-DS, and the synthetic dataset (α ∈
{1.1, 1.3, 1.5}), all configuredwith 50%deletions, and a total
length of 20 million updates to be able to have a meaning-
ful comparison. For these experiments, the synthetic dataset
contained 11 attributes, to allow for queries with up to 11
predicates. We see that increasing the Zipf exponent slightly
improves ingestion throughput. This observation aligns with
our previous findings for S1 (Section 5.1.3): datasets with
higher Zipf exponents produce more skewed distribution of
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Fig. 23 : Ingestion time of S2 for different data streams. All
streams have 50% deletes and index the maximum number
of attributes in the stream

Table 4 : Estimation error of S2 for different data streams

RAM (MB) 10 50 100

Zipf (1.1) 1.25E-3 1.23E-3 1.23E-3

Zipf (1.3) 2.55E-3 2.50E-3 2.49E-3

Zipf (1.5) 5.48E-3 5.37E-3 5.35E-3

CAIDA 3.84E-5 2.40E-5 2.04E-5

TPC-DS 5.21E-5 3.42E-5 2.49E-5

the records to the sketch’s cells, which leads to the corre-
sponding samples reaching a stable state faster. Compared to
the insert-only streams and S1, this difference is less pro-
nounced in S2, as deletions in the stream still introduce
additional modifications to the sketch. A similar pattern is
observed for TPC-DS, while CAIDA’s less skewed distribu-
tion results in slightly lower ingestion throughput.

Table 4 reports the observed query error for these streams.
For each dataset, the number of query predicateswas selected
uniformly at random between 1 and the total number of avail-
able attributes. The results align with our previous findings
(Figures 8 and 21 ), showing that: (a) the synthetic dataset is
the most challenging, with difficulty increasing as the Zipf
exponent grows, (b) increasing the memory quota consis-
tently reduces the error, and, (c) even under highly-skewed
Zipf distributions, the observed error remains very low.

Finally, Table 5 summarizes the observed error and query
execution time for queries involving varying numbers of
predicates. The results correspond to the synthetic dataset
with 50% deletes ratio, generated with Zipf exponent 1.1
and a total of 20 million updates. We observe that accuracy
improves significantly as the number of predicates increases.
This is attributed to a reduction in the number of false pos-
itives, due to the additional intersections. Query execution
time remains stable – around 0.15 msec for the 10MB sketch
and around 2 msec for the 100 MB sketch, indicating that

Table 5 : Average observed error and query time, varying the
number of predicates per query

RAM (MB) 10 100 10 100
#Predicates Observed Error Query Time (ms)

1 1.99E-2 1.97E-2 0.24 1.75

3 3.91E-4 3.85E-4 0.13 1.60

5 2.60E-7 3.50E-7 0.13 1.63

7 1.02E-6 2.20E-7 0.13 1.59

9 1.50E-7 2.10E-7 0.14 1.72

11 1.50E-7 1.50E-7 0.2 1.90

increasing the number of predicates has minimal impact on
computational cost.

SummaryS2 remains both efficient and accurate across all
datasets, evenwith up to 90% deletions. Aswith S1 and other
small-memory synopses, highly skewed attribute values dis-
tributions (e.g., Zipf with a skew of 1.5) pose the greatest
challenge for the sketch in terms of accuracy. Nonetheless,
S2 continues to estimate the answers with very small errors,
while maintaining support for high-throughput ingestion and
fast query execution. Increasing the number of predicates in
a query further reduces the probability of a false positive to
survive, leading to improved accuracy, with minimal impact
on query latency.

6 Conclusions

We introduceOmniSketch, a compact and efficient sketch for
summarizing the distributions of complex, high-dimensional
data streams with deletions. OmniSketch combines a small
(user-defined) memory footprint with fast update and query
times, and offers theory-backed accuracy guarantees. The
final sketch builds on α-min-wise sampling, a new sam-
pling method introduced in this work. α-min-wise sampling
is the first min-wise hashing algorithm that supports dele-
tions, comes with theory-backed accuracy guarantees, and
is of independent interest beyond its use in OmniSketch-
for example, as a drop-in replacement in systems that use
other min-wise hashing algorithms, enabling them to han-
dle streams with deletions. We further introduce a set of
algorithmic optimizations that significantly boost perfor-
mance, enabling throughput at least an order of magnitude
higher than existing approaches. Extensive experiments
across diverse datasets confirm thatOmniSketch outperforms
the state-of-the-art methods in both ingestion and query effi-
ciency, while maintaining comparable accuracy.
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