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Multimedia applications require a guaranteed level of service for access-
ing continuous-media data. To obtain such guarantees, the database server
where the data is residing must employ an admission control scheme to
limit the number of clients that can be served concurrently. We investigate
the problem of on-line admission control, where the decision on whether
to accept or reject a request must be made without any knowledge about
future requests. Employing competitive analysis techniques, we address the
problem in its most general form with the following key contributions: (1)
We prove a tight upper bound on the competitive ratio of the conventional
Work-Conserving (WC) policy, showing that it is within a factor % of
the optimal clairvoyant strategy, where A is the ratio of the maximum to
minimum request length (i.e., time duration), and p is the maximum frac-
tion of the server’s bandwidth that a request can demand; (2) we prove a
lower bound of Q(%TA) on the competitive ratio of any deterministic or
randomized admission control scheme, demonstrating an exponential gap
between greedy and optimal on-line solutions; (3) we propose simple de-
terministic schemes based on the idea of bandwidth prepartitioning that
guarantee competitive ratios within a small constant factor of log A (i.e.,
they are provably near-optimal) if p < 1/ [log A]; and, (4) we introduce a
novel admission control policy that partitions the server bandwidth based
on the expected popularities of different request lengths and experimentally
demonstrate its benefits compared to WC.
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1. INTRODUCTION

Next generation database systems will need to provide support for various forms
of multimedia data such as images, video, and audio. These new data types differ
from conventional alphanumeric data in their characteristics, and hence require
different techniques for their organization and management. A fundamental issue
is that digital video and audio streams consist of a sequence of media quanta (video
frames or audio samples) which convey meaning only when presented continuously
in time. Hence, a multimedia database server needs to provide a guaranteed level
of service for accessing such continuous media (CM) streams in order to satisfy
their pre-specified real-time delivery rates. Given the limited amount of resources
(e.g., memory, disk bandwidth, disk storage), it is a challenging problem to design
effective resource management algorithms that can provide on-demand support for
a large number of concurrent continuous media clients.

Typically, clients issue requests for the playback of specific CM clips (i.e., contigu-
ous portions of audio or video) residing at the database server. A crucial component
of CM service is the admission control mechanism, which is invoked whenever a
new request arrives to decide whether to accept or reject the request. By accept-
ing a request, the server commits to satisfy the resource requirements (e.g., disk
bandwidth, memory) of the corresponding playback stream throughout its execu-
tion, whereas rejected requests must pursue a different course of action (depending
on the application)?. The effectiveness of the admission control component is of
vital importance for the following reasons. First, the resource requirements of CM
applications are high. Second, they require fractions of the server’s resources to be
reserved to meet their stringent performance requirements. Third, these applica-
tions tend to last for relatively long periods of time. Reserving large portions of the
resources for long durations can result in drastic degradation of server utilization
if the server makes wrong decisions whom to admit.

An important characteristic of admission control is the introduction of an on-line
decision making element — the decision of whether to accept or reject a request has
to be made without any knowledge of future requests, with the understanding that
once a request is accepted, it is guaranteed a level of service throughout its duration
(i.e., the schedule is non-preemptive). In this paper, we study the implications of the
on-line nature of the admission control problem for CM streams. Qur performance
metric for admission control strategies is the total server throughput over a sequence
of requests and our methodology is based on the competitive analysis framework for
on-line algorithms [29]. The basic quality metric in this framework is the competitive
ratio of an on-line algorithm, which is defined to be the maximum (over all possible
request sequences) value of the ratio of the performance of the optimal off-line
algorithm for a request sequence to the performance of the on-line algorithm for the
same request sequence. Note that, by definition, competitive analysis is tantamount
to a worst-case analysis in the off-line case. An algorithm with a low competitive
ratio is one that performs close to optimal in all situations. Since no assumptions

40ur model corresponds to the Full-VOD service model [1, 8, 21]. Other service models have
also been explored in the literature [16].
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are made about the sequence of requests offered to the server, the competitive ratio
provides a very robust measure of performance.

We assume a centralized database server where incoming playback requests re-
quire some fraction of the server’s bandwidth for some period of time. For example,
a request to view a half-hour MPEG-1 video clip requires 1.5 Megabits per second
(Mbps) of the server’s bandwidth for the 30 minutes of playback. We consider two
different cases of the problem. In the first case, we assume that all requests require
the same fraction of the server’s bandwidth (e.g., all clips are MPEG-1 encoded
videos); thus, the server can be viewed as a of collection of available playback chan-
nels. In the second, more general case, different fractions of the server’s bandwidth
can be reserved. We show that the conventional Work-Conserving (WC) policy
where an incoming request is always admitted if there is sufficient bandwidth to
accommodate it, can behave poorly in an on-line setting. More specifically, we
show that the competitive ratio of WC is 1 + A for the case of identical band-
width requests and % for the case of variable bandwidth requests, where A is
the ratio of maximum to minimum request length and p is the maximum fraction
of the server’s bandwidth that a request can demand. We introduce novel admis-
sion control strategies based on the idea of prepartitioning the bandwidth capacity
of the server among requests of different length and prove that, for sufficiently
large server bandwidth, these strategies are O(log A)-competitive. We also show
an Q(logA) (resp. Q(l;ﬁ ~)) lower bound on the competitive ratio of any deter-
ministic or randomized algorithm for the identical (resp. variable) bandwidth case,
thereby establishing the near-optimality of our on-line algorithms. Based on the
above results, we propose a bandwidth prepartitioning scheme that makes use of
clip popularities to ensure good average-case as well as worst-case performance.
The results of our preliminary experimental study verify the benefits of our scheme
as compared to WC. More specifically, both algorithms are shown to perform ade-
quately well when the server is underutilized or persistently overloaded. However,
we expect that a well designed system has undergone effective capacity planning
and, therefore, will not be overloaded persistently but only at short time intervals.
We capture such short term overloads in our experiments, and demonstrate that
our admission control scheme outperforms WC substantially under these workloads.

The remainder of this paper is organized as follows. Section 2 reviews related
work in the area of multimedia databases and on-line algorithms. In Section 3, we
provide the necessary definitions and formulate the on-line admission control prob-
lem. Section 4 introduces our Bandwidth Prepartitioning strategies and presents
our competitive analysis results for both identical bandwidth and variable band-
width requests. In Section 5 we discuss the findings of a preliminary experimental
study with the admission control schemes described in this paper. Finally, Sec-
tion 6 concludes the paper with a discussion on the implications of our results in
the context of data placement in distributed CM databases.

2. RELATED WORK
Resource scheduling issues in CM databases have attracted a lot of interest from
researchers in recent years [10, 11, 16, 21, 24, 26, 28, 34]. However, little attention
has been paid in the multimedia literature to the on-line nature of the admission
control problem for CM database servers. Long and Thakur [22] present simple
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adversary arguments to show that no on-line algorithm can achieve a constant
competitive ratio in the context of the Swift distributed I/O architecture. Aggarwal
et al. [1, 8] present a competitiveness analysis for a different service model, termed
Shared Video-On-Demand. Requests are notified of acceptance or rejection within
a server-specified time interval (termed notification interval) from their arrival.
Admitted requests waiting for the same clip, can be batched onto a single stream.
They show that allowing for sufficiently large notification intervals (linear in the
length of the clips) can guarantee constant competitive ratios for simple scheduling
algorithms [1, 8]. The Shared Video-On-Demand model is different from our model
of CM service in the sense that it tries to capture the effects of wait tolerance and
batching on the number of clients served. Therefore, their results can be viewed as
orthogonal to ours. Furthermore, the corresponding analysis assumes that (a) all
CM clips have the same length (i.e., time duration) and require the same amount
of bandwidth; and (b) any two requests by the same client must be separated by
at least the duration of a clip. These assumptions severely limit the applicability
of their results to general CM servers.

There is also a significant body of related work in the field of on-line algorithms
for bandwidth allocation and circuit routing in communication networks. Lip-
ton and Tomkins [20] study the competitiveness of randomized strategies for the
non-preemptive On-line Interval Scheduling (OIS) problem, which essentially cor-
responds to on-line admission control in a server that can support a single playback
stream. Under the assumption that the ratio A of longest to shortest interval is not
known a-priori, they present an O((log A)'*¢)-competitive randomized algorithm
and show that no O(log A)-competitive algorithm can exist. Extensions to their
randomized scheme are presented by Faigle et al. [13]. Awerbuch et al. [4] examine
the more general problem of non-preemptive circuit routing on tree-structured net-
works and propose a general randomized technique termed “Classify and Randomly
Select”. The main idea is to classify on-line events in disjoint classes and then con-
sider only the events that are assigned to a randomly selected class. By averaging
over all possible random choices, “Classify and Randomly Select” achieves logarith-
mic competitive ratios (in an expected sense). However, the idea of an admission
control scheme that considers only one randomly selected class of user requests and
simply ignores all others is obviously not very appealing for CM database servers,
since it ignores fundamental requirements such as fairness. Our proposed schemes
also employ the idea of on-line classification, but they also are completely deter-
ministic without compromising near-optimal competitiveness (for sufficiently large
server bandwidth). Awerbuch et al. [3] consider non-preemptive circuit routing on
general networks. They present a deterministic scheme (called ROUTE_OR_BLOCK)
which, assuming that the bandwidth requested by a single circuit never exceeds an
O(m) fraction of edge capacity, achieves a competitive ratio of O(log nTimaz)
, where n is the number of nodes in the network and T}, is the maximum duration
of a call. They also prove that their scheme is near-optimal for deterministic on-line
routing. The ROUTE_OR_BLOCK algorithm is based on ideas developed for multi-
commodity network flow problems. Roughly speaking, the main idea is to assign
each edge a “length” that is exponential in its current load and route an incoming
circuit only if the length of the shortest routing path is less than the “benefit”
associated with the circuit. However, as reported by Plotkin [27] and Gawlick [17],
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ROUTE_OR_BLOCK exhibited consistently poor performance in an actual implemen-
tation. Ad-hoc changes in the algorithm’s parameters were necessary to improve its
behavior. Furthermore, the ROUTE_OR_BLOCK scheme itself is rather complex and
unintuitive and it is not clear how it can benefit from the knowledge of statistical
information, such as request popularities.

Finally, we should note that allowing preemption of requests can lead to better
competitive ratios for on-line scheduling and admission control problems [9, 7, 14,
15, 19, 33]. However, the assumption of preemptability is unrealistic in the context
of CM applications.

3. PROBLEM FORMULATION

We view a CM database server as a “black box” capable of offering a sustained
bandwidth capacity of B. The input sequence consists of a collection of requests
G = 01,02,...,0n. The it" request is represented by the tuple o; = (t;,1;,7;),
where [;, r; denote the length and bandwidth requirement (respectively) of the
requested CM clip and ¢; is the arrival time of ¢;. Given a collection of different
requests that are handled by a server (based, for example, on the clips available at
the server or the server’s usage patterns), we use lyqz (Imin) to denote the length
of the longest (shortest) request. (Tmqee and roq;, are defined similarly.) Finally, we
define A = fma2 and p = mee.

We use competitive analysis [29] to measure the performance of different admis-
sion control strategies. Our optimization metric is the total throughput; that is,
the bandwidth-time product over a given sequence of requests. Specifically, given
an on-line scheduling policy A and an input sequence @, we define the benefit of A
on 7 as Va(a) = g, li - i, where S4 C 7 is the set of requests scheduled by A.
The competitive ratio of an on-line algorithm A is defined as the maximum value
k(A) over all possible request sequences of the ratio of the throughput achieved by
the optimal off-line algorithm for a request sequence to the throughput achieved
by A for the same sequence. If A is a randomized algorithm, then the throughput
achieved by A for a request sequence is averaged over all possible “coin flips” of
A [23]. More formally,

Var (@)

SUD 4+ 5 Vs () , if A is deterministic
K(A) =
SUP A+ 7 E}:’[“ji% , if A is randomized

where @ ranges over all possible request sequences, A* ranges over all off-line (i.e,
clairvoyant) algorithms, and the expectation E 4[] is taken over the random choices
of A. Thus, an algorithm with a small competitive ratio is guaranteed to perform
close to optimal in all situations. We say that algorithm A is k-competitive if
k(A) < k.

It is conventional in the analysis of on-line methods to describe things in terms
of a game between a player (the on-line algorithm) and an adversary (the off-line
algorithm), whose goal is to produce a request sequence that would force the player
to perform poorly. For randomized algorithms, different models of adversaries have
been proposed depending on the adversary’s knowledge of the player’s random
choices [23]. The lower bounds presented in this paper assume the “weakest” model
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of an oblivious adversary; that is, an adversary that is oblivious to the random
choices made by the on-line algorithm.

4. COMPETITIVE ANALYSIS OF ADMISSION CONTROL
4.1. The Greedy/Work-Conserving Policy

The scheduling strategy used as a starting point in our study is the basic Work-
Conserving (WC) scheme traditionally used for admission control in CM servers.
WC is based on the following greedy rule: “schedule request o; immediately if the
server has at least r; bandwidth available at time t;; otherwise, reject o;”. As our
results show, WC offers rather poor performance guarantees in an on-line setting.

First, consider a restricted version of the admission control problem in which all
requests require a constant fraction of the server’s bandwidth B. That is, r; = r
for all i. Let ¢ = [£] > 1 denote the number of playback channels available at
the server®. The following theorem establishes the competitiveness of WWC in this
setting.

THEOREM 4.1 (Competitiveness of WC, Identical Bandwidth Case). WCis (1+
A)-competitive for scheduling requests with identical bandwidth requirements on-
line; that is, K(WC) < 1+ A. Furthermore, this bound is tight. |

Proof:  Let Viye(o) and Vopr(e) denote the total throughput achieved over a
sequence of requests & by the Work-Conserving policy and the optimal off-line
scheduler, respectively. Let Aye denote the set of requests in & that are accepted
by WC.

Observe that by the operation of the WC policy, a request (¢;,1;) € Ay can cause
a later request (t;,1;) to be rejected only if the time interval [¢;,¢; +1;) contains the
starting point of ; (i.e., t;). (This condition is not sufficient since there may be a
free channel to accommodate the later request.) This implies that the maximum
possible total length that was rejected because of the selection of (¢;,1;) € Ay is
li + ljmas (that is, when scheduling (I;,%;) causes the rejection (I; — €,t; + §) and
(Imaz»>ti +1; — §), € > 0). This is obviously an upper bound, since scheduling such
a total length could conflict with other scheduled intervals. Thus, an upper bound
on the maximum total scheduled length for any (off-line) algorithm that does not
violate the server’s bandwidth constraint is given by the expression:

Z (lz + lmaz) = Z li + |AWC| : lmaz-
(ti,l:)EAwe (ti ki) EAwe

So, we have:

VOPT(E) < E(ti,li)Ech lz + |AWC| 'lma:z: <1 + |AWC’| . lmaw -1 —|—A

VWC (E) - E(ti,li)ech l; o |AWC| “lmin
We now describe a problem instance to show that this (1+ A) competitive factor

is tight for WC. Consider a single-channel system (i.e., ¢ = 1) and assume the

5Note that, in this case, maximizing throughput is equivalent to maximizing total scheduled
request length [20].
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sequence of requests: (0,lmin + €), (5,lmin), and (Imin + 5,lmaz). It is then easy
to see that the competitive ratio of WC for this instance will be:

lmin +lmaz 619 1 +A
linin + €

This completes the proof. |

In general, a playback request requires an arbitrary portion of the server’s band-
width B. This bandwidth requirement depends, for example, on the data encoding
method used (e.g., MPEG-1, MPEG-2) or the Quality of Service (QoS) specified by
the client [30]. The following theorem shows the effect of this more general model
on the competitive factor of the WC policy.

THEOREM 4.2 (Competitiveness of WC, Variable Bandwidth Case). WC is

] g;(rl:fm)rmn}—competitive for scheduling requests with different bandwidth re-
quirements on-line. |
Proof:  Consider a sequence of requests o1,...,0n arriving at the server, where

o; = (t;,1;,7;) for each i. (¢; is the time of arrival of ¢;.) We visualize the actions
of the WC policy using a bipartite rejection graph G = (V,E), V = AU R where
A(resp., R) is the set of requests accepted (resp., rejected) by WC, and the edge set
F is defined by connecting each rejected request o; to the set of accepted requests
that caused o; to be rejected (i.e., the requests executing at time ;).

For each o; € R let A(c;) denote the set of (accepted) neighbor nodes of o;.
Define the acceptance region of R; C R as A(R;) = U A(o;). Our proof
considers two different cases for such regions.

0 €ER;

o Fully-Overlapped Acceptance Regions. In this case we assume that a set of arriving
requests R; is rejected by a set of running requests A (or a subset of A) with no new
request(s) accepted between rejections. This situation is depicted in Figure 1(a).

FIG. 1. (a) Fully-Overlapped case. (b) Partially-Overlapped case.

Let t; and ¢ denote the arrival times of the (chronologically) first and last request
in R;, respectively. Also let A’ C A be the subset of requests in A executing at
time ;. By the operation of WC we know that )" ,, r; > max{B — rmaz, "min }
(otherwise WC would have scheduled the request arriving at ;. Furthermore, our
assumptions imply that all requests in A’ start before #; and complete after tj.
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Thus, t; — t1 < ming {l;}. Consequently, the benefit obtained by WC from A is:

Vwe = Zliri > Zliri > H,ii,n{li} -max{B — T'maz,Tmin }-
A A’

Whereas the loss incurred because of the rejections can be upper-bounded as follows:

Ly < (tk - tl) : min{”'mawaB — Tmin }+ B - lnas
N — > —
max. loss in [t1,x) max. loss due to rejections at tx

< r%n{lz} ' min{rmaza B — Tmin } + B - lmaz-

Thus, if Vopr is the benefit obtained by the optimal off-line scheduler, then:

VOPT VWC + LWC minA’{li} . min{rmazy B — T'min } +B- lmaz
< < 1+ T
VWC VWC min A {lz} : maX{B — Tmaz> Tmin }
min{”'maza B - Tmin } B- lmaz

maX{B — Tmaz; Tmin } maX{B — Tmaz, Tmin } : lmzn '

And, using the identity max{a, b} + min{—a,—b} = 0, we obtain % < (14

Ilmaz ) B
max{B—Tmaz,Tmin }

lmin

o Partially-Overlapped Acceptance Regions. In this case we assume that the accep-
tance region for a set of rejections can be broken into a collection of n > 2 consec-
utive acceptance sub-regions A(Ry), ..., A(R,) where each sub-region rejects some
requests with no intermediate arrivals, but requests scheduled in o sub-region can
also extend to future sub-region(s). That is, we are allowing new requests to be ac-
cepted between the last rejection in R; and the first rejection of R;11, and requests
in A(R;) can also “participate” in A(R;y), k > 1 (i.e., the acceptance regions are
allowed to partially overlap). This situation is depicted in Figure 1(b). Note that
if no such overlapping occurs then we would have multiple independent instances
of the fully-overlapped case.

We will first prove the competitiveness bound for the case n = 2 and then extend
our proof to cover larger n. Let X C A(R;) denote the requests in A(R;) that
extend into A(R2). Let Ix = minx{l;} (the length of the shortest request in X)
and let rx =)y r; (the total bandwidth requirement of X'). Note that the length
covered by all requests in X is at most [x and the benefit of X is at least Ix - rx.
Also, lin < Ix < lLpee and rx > T,. Finally, let y1,y2 be the length of X'’s
overlap with the rejection regions R; and Ry, respectively. (See Figure 1(b).)

Using Figure 1(b) it is easy to see that the benefit obtained by WC is:

VWC > (lmzn - yl) : maX{B — Tmaz —TX, Tmin} + (lmzn - y2) . maX{B — Tmaz —TX, rmin} +

(yl + Z/2) . maX{B — Tmaz, rmin} + (lX — Y1 — yZ) ‘X,
or, after some arithmetic:

Vwe > 2-lnin - maX{B — Tmaz —TX, rmin} +lilx-rx
> 2+ lmin -max{B — Tmaz, 2rmin} + (Ix — 2lmin) -Tx- (1)
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Similarly, the loss incurred by the rejections of WC can be upper-bounded as

follows:

Lywe < yi-min{rmaz,b — rmin —rx} +y2 -min{rmasz, B — rmin —rx} +

max. loss during y1, ¥

+ (Ix —y1—y2)- (B—rx) +

~ vl

max. loss between y1 and y2
+ B - lmaz - Slmzn - y2) - ma»X{B — Tmaz —TX, Tmin}J

max. loss after y2  min. benefit of requests in A(R2) — X outside y»

which after some arithmetic manipulation gives:

LWC < B- (lX + lmaz‘) - lX rTX — lmzn - maX{B — Tmaz — TX;Tm'in}
< B- (lX + lmaz) - (lX - lm'm) -rx — lmin - maX{B — Tmaz, 2T'm'in}-(Q)
We now consider the following two cases for lx:
1. Ix > 2 - lypin- In this case, Inequalities (1) and (2) give:

Vwe > 2 lin - max{B — Tmaz, Zrmm} and Lwe <2-Blyas.

Thus: ‘(,OVCCT <1+ max{B_rmbzrmin} - é:“:, and the bound clearly holds.

2. 2 - lpin > lx > lymin. In this case, let Ix = a - Ly, where a € [1,2]. Using
Inequality (1) we have:

VWC > a-lmin - maX{B — Tmaz —TX, rmin} +alpin-rx + (2 - Oé) . max{B — Tmaz — rXa’rmin}

Z a- lmzn . maX{B — Tmazx, 27‘mzn}

And, combining this with Inequality (2):

VOPT <1+ B B. lmaw - (Oé - ]-)lmzn *Tmin — lmin . maX{B — Tmaz 2rmin}
VWC maX{B — Tmaz 2Tmzn} a - lmzn . maX{B — Tmaz, 2rmzn} ’
f(e)

Differentiating f(«), it is easy to see that % < 0. Thus, f(«) is monotonically
decreasing in a € [1, 2], which implies that:

Vopr B
1 1) =
Vwe < * maX{B — Tmaz, 2Tmin} + f( )
B B l
=1+ + Ctmaz 1
ma'X{B — Tmaz> 2rmin} maX{B — T"maz 2Tmin} lmin
B lmaz
-(1+ .
o maX{B — Tmax rmin} ( Imin )
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This completes the proof for the case of n = 2 partially-overlapped acceptance
regions. Now consider the case n > 2. Let X; denote the overlap of A(R;) and
A(Rit1), for i = 1,...,n — 1. Similar to our previous notation, let rx, = >y, ;
and Ix; = minx, {l;} = a; - Lin, where 1 < a; < irmn“: It is not hard to see that
Inequality (1) can be extended as follows:

n—1 n—1

Vwe > lmmz maX{B_Tmaz_'rXi , Tmin}+lmin'z Qi TX; +lmin'maX{B_rmaz_TXn_1 s Tmz'n};
i=1 i=1

where the last term in the sum captures the (minimum possible) contribution of

the last sub-region. After some manipulation the above inequality gives:

n—1
VWC >n- lmzn maX{B — Tmaz, Zrmin} + lmz’n ) Z(az - 1) Tx; — lmz’n ) TX,._l(?’)
i=1
And, using a method similar to that used for the case n = 2 we can derive the
following inequality for the loss incurred by WC (extension of Inequality (2)):

n—1 n—1
LWC < B'lma:c+B'lmin'Zai_rmin'lmin'Z(ai_l) -
=1 =1
—(n—=1) - lpinmax{B — "maz, 2Tmin }- 4)

Again, we consider two cases depending on the value of a,—_1 (i-e., the length
an—l)'

1. ap—1 > 2. Then, Inequalities (3) and (4) give:

Vwe > 1 Lyin - max{B — "maz, 2rmin} and  Lwe < n - Blygs.

Thus: ‘(?PT <14 B bne= and the bound clearly holds.
wce

max{B—Tmaz,2Tmin} lmin
2. 2 > ap—1 > 1. Then, Inequality (3) gives:

n—1

VWC > (TL - ]-) . lmzn . maX{B — Tmaz, 27‘mzn} + lmin *Tmin * Z(ai - ]-)

i=1

Combining this with Inequality (4) gives:

Vopr < B- lma,z +B- lmin : E?:_ll a;
VWC (TL o 1) ) lmzn ) max{B ~ maz, 2rmi"} + lmm *Tmin * Z?:_II (az’ - 1)
(n_l)'B'lmaz+an—1'B'lmin . 1
. L imaz
(n - 1) : lmin ) maX{B — "maxz, 2Tmin}, (Sln(}e i = Imin )

or, equivalently:

VOPT B . lma:c B . Qp—1
Ve max{B — Tmaz, 2rmin} lmin Max{B — rmaz, 2rmin} n—1
B l
),

- maX{B - Tmaz;'rmin} Imin
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sincen —1> 2 > a,_1 for each n > 2.

This completes the proof for the case of multiple partially-overlapped acceptance
regions.

For the general bound, observe that the behavior of WC over any incoming
sequence of requests can be seen as a sequence of independent (i.e., non-overlapping)
execution segments, where each such segment consists of either fully-overlapped or
partially-overlapped acceptance regions. Thus, for each such execution segment s
we have sho;;vn that the ratio of the maximum possible loss to the benefit obtained
by WC is %W— < s

w
of segments the ratio of loss to benefit is:

1+ éz“n) — 1. Thus, for the entire sequence

i

LS S
Lye _ XsLve gmax{LWC B (1+ lnaa

Vwe — Es Vy’%}c s Vy%c maX{B — Tmaz Tmin}

) 1.

lmin

The result follows directly from this last inequality. This completes the proof. 1
Thus, allowing variability along the second dimension (i.e., bandwidth) multi-
plies the competitiveness of WC by a factor that depends on B, T4z, and 7.
Intuitively, this term captures the effects of the worst-case bandwidth loss due to
fragmentation. If B > rp,40 + Tmin, as will usually be the case for CM servers and
requests, then the following corollary applies.
COROLLARY 4.1. If B > 74z + Tmin then WC is llJr—A—competitive, where

- —p
p= g i

Note that the competitiveness bound of % is, in fact, valid regardless of
the relative sizes of B and 740 + Tmin- Theorem 4.2 just gives a tighter bound
when B < Tpaz + Tmin- Also, note that for typical CM numbers the fraction p
is much smaller than unity. For example, even for the relatively high MPEG-2
rate requirements of 6-8 Mbps, a CM server with a low-end RAID can sustain
40-60 concurrent streams [25, 31]. The denominator in our competitiveness bound
agrees with the bounds given by Bar-Noy et al. [7] for the preemptive version of
the problem. (They avoid dependence on A through clever use of the preemption
mechanism.)

4.2. Lower Bounds

In this section, we prove lower bounds on the competitive ratio of any determinis-
tic or randomized algorithm for on-line admission control. Our results demonstrate
the existence of an exponential gap between the competitive ratio of WC and the
lower bound on the competitive ratio of any deterministic or randomized algorithm.
This clearly suggests the possibility for improvement by using non-greedy schemes.
We propose such schemes with near-optimal competitiveness in Section 4.3.

Once again, let us start with the identical bandwidth case (i.e., r; = r for all
i). A simple adversary argument shows that for the case of a single bandwidth
channel (i.e., the OIS problem [20]), there is a lower bound of 1 + A on the com-
petitiveness of any deterministic scheduler. This argument fails when the number
of channels is increased. However, as the following theorem shows, no deterministic
or randomized admission control scheme can be better than Q(log A) competitive.
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THEOREM 4.3 (Lower Bound, Identical Bandwidth Case).  Any deterministic
or randomized on-line admission control algorithm for CM requests with identi-
cal bandwidth requirements has a competitive ratio of Q(logA). |

Proof: (1) Deterministic Lower Bound. Let A be any (deterministic) scheduling
algorithm and let z denote the competitive ratio of A. We will prove that = >
O(log A) using an adversary argument. The basic idea in the proof is that the
adversary presents A with a sequence of requests that forces A to fill up its channels
with “low profit” (i.e., small duration) requests in order to maintain its competitive
ratio.

More specifically, the adversary presents A with a sequence of A “request batches”
By,...,Ba. (To simplify the presentation we assume that A is an integer.) Batch
B; consists of ¢ (= number of channels) requests of length i - 1,,,;;, arriving at time
(1 — 1) - ¢, where € is some arbitrarily small interval of time. Note that, since all
these requests are pairwise overlapping, only ¢ requests can be scheduled. Clearly
the optimal (off-line) strategy is to schedule the requests in Ba, accumulating a
total profit of ¢+ A - lnin = ¢+ lmag-

Consider the on-line operation of A. Let n; denote the number of requests in B;
scheduled by A. In order to maintain its competitive ratio of xz, A must schedule
at least & requests from B;. (Otherwise, the adversary could stop the request
sequence after B; and force A to have a competitive ratio worse than z.) Thus
ny > 7. Similarly, in order to maintain a competitiveness of z after Bs, the
following inequality must be satisfied:

It is easy to see that for A to satisfy the above equation (subject to the constraint
n1 > £) and, at the same time, minimize the total number of channels used n1 +n2

(thus allowing more profit from future larger requests), n; has to take its minimum

value, i.e., ny = Z. Substituting gives:

C'lmin+$'n2'2'lmin20'2'lmin7

or, equivalently: na > 5%. A simple inductive argument along the same lines can
show the following claim.

Claim: In order to maintain a competitive ratio of x and mazximize its total profit,

algorithm A must schedule n; = ;5 requests from batch B; for eachi=1,..., A.

A can then use its remaining channels to schedule requests from the final (and,
most profitable) batch. Let H, = 1+ § + ...+ % (the n**-Harmonic number).
Note that if, at any point during this “game”, A exhausts its channels then V4 <
S i lin = £ - A -lyin, and thus:

i=1 i-x

lmin
= x,
lmin

Vopt
Va

. A
N

la| O
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which is impossible since A has a competitive ratio of . Thus, we must have:

A
>
i=1

This completes the proof for the deterministic lower bound.

| =

- <¢,, or,equivalently, z > HAn =InA + O(1) = O(log A).

8la
~

(2) (Oblivious) Randomized Lower Bound. Our proof is based on the application
of Yao’s result to competitive analysis [23, 17]. Briefly, this result states that the
lower bound on the oblivious competitive ratio for a given problem is greater than
the lower bound on the competitive ratio of deterministic on-line algorithms, when
the request sequences for the problem are restricted to a distribution.

Our methodology is as follows. We construct a probability distribution Dz over
the request sequences @, and based on that randomized input sequence we provide:

1. A lower bound (L) for Ep_[Vopr(7)], the expected benefit accepted by the
optimal off-line algorithm; and,

2. An upper bound (U) for Ep_[Va(7)], the expected benefit accrued by any
deterministic on-line algorithm for the problem.

If x° denotes the oblivious competitive ratio of any randomized algorithm, then,
by Yao’s result [23, 17]: kb > L£.

First, we define the probability distribution Dz over request sequences. Let ¢
denote the number of playback channels at the server and, without loss of generality,
assume log A is integer. We assume that requests arrive in log A + 1 batches of
c requests By, ..., Biog o with the time separating the arrivals being a very small
€ > 0. Furthermore, all requests in batch B; have length equal to 2! - l,,;, and
batches arrive according to the following probabilities:

1
P[By arrives] = 1 and P[B; arrives|B;_; arrives] = 5

Thus, for i € {0,...,log A}, the probability of the arrival sequence By - - - B; is 27

Next, we provide a lower bound (L) for Ep_[Vopr(?)]. Consider an off-line
strategy that always accepts the requests in the last arriving batch. The expected
benefit of that strategy is:

log A
> P[Bo-+-Bi] ¢+ 2 - lmin = ¢+ lmin - (log A + 1).
i=0

Thus ED;[VOPT(E)] >c lmin (IOgA + ].) =L.

Finally, we provide an upper bound (U) for Ep_[V4(7)] for all deterministic on-
line algorithms A. Let B(i, k) denote the mazimum expected benefit from batches
B;, ..., Bigg A, where the maximization is taken over all possible ways to accept
requests from By, ..., B;_1 so that at most k < ¢ channels are free. We can bound
B(i, k) with the following recurrence relation, where the first term in the max{},
represents the benefit from requests in B; (with | denoting the number of requests
accepted from batch B;) and the second term represents the maximum expected
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benefit from requests in batches B;yq,...,Bioga, given that k — [ channels are
available:

o1
] < . .9 ZB( -
B(i, k) < Iylsalgc{l lmin - 2", 2B(z+1,k l)},

with the initial condition: B(logA,k) < k-29°82 .1 . =k - lnae. Note that the
factor 1 in front of the second max{} term comes from the fact that the probability
of Bj;1 arriving given that B; has arrived is 3.

A simple induction on j = log A — i shows that for each i € {0,...,logA},
B(i,k) < k-2%-l,in. Thus, for any deterministic algorithm A:

Ep_[Va(@)] < B(0,¢) < ¢-lmin =U.

Consequently, by Yao’s result, the oblivious competitive ratio of any random-
ized on-line algorithm is kb > % = log A + 1. This completes the proof for the
randomized lower bound. |

Similar lower bounds on the competitive ratio hold for the variable bandwidth
case. Again, the effect of bandwidth fragmentation introduces a multiplicative
factor of ﬁ.

THEOREM 4.4 (Lower Bounds, Variable Bandwidth Case). Consider a sequence
of CM requests with variable bandwidth requirements. Then:

(1)Any deterministic on-line admission control algorithm has a competitive ratio

of (a) Q(”'(%FPA)), if p > 1; and, (b) Q(l‘l’g_f), otherwise.

(2)Any randomized on-line admission control algorithm has a competitive ratio

log Ay -
of Q92 [if p < sl '
Proof: (1) Deterministic Lower Bound. Case (a) can be shown by a simple

construction. For Case (b), assume that § > p > 37 where k > 2 is an integer.
The adversary constructs the sequence of requests in a manner that is very similar
to the proof of the deterministic lower bound in Theorem 4.3, but it also exploits the
bandwidth variability to ensure that the on-line algorithm will end up using only
a fraction ﬁ =~ 1 — p of the available bandwidth B, where § > 0 is arbitrarily
small. Similar to the one-dimensional case, we can show that the on-line algorithm
must have a competitive ratio of at least Ha within that portion of the server’s

bandwidth, i.e.,
VB > Ha - Va.
But the optimal off-line scheduler can avoid this bandwidth fragmentation and

schedule the entire bandwidth B, thus Vopr > k+Tl+5, and the competitive factor

must be at least Ha - # ~ %-

(2) (Oblivious) Randomized Lower Bound. We follow the same methodology as in
the proof of the randomized lower bound for Theorem 4.3 but taking into account
the worst-case bandwidth fragmentation due to variable bandwidth requests. We
assume that the bandwidth B of the serveris B = k- (T'qe — 9), where § > 0 is an
arbitrarily small positive constant, and we consider the following request batches,
which (as in the proof of Theorem 4.3) arrive with very small separation in time:
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e For i € {0,...,log A}, batch B; consists of k — 1 requests with bandwidth
requirement 7,4, and length 2¢-,.;,; and,

e Batch Bigg a1 consists of k requests with bandwidth requirement rqp — &
and length 21982 . [ . =1, ...

Also, as in the proof of Theorem 4.3: P[By arrives| = 1 and P[B; arrives|B;_; arrives] =
%. Thus, for i € {0,...,log A + 1}, the probability of the arrival sequence By - - - B;
is 274

For the lower bound (L) on Ep_[Vopr(7)], observe that the off-line strategy that
always accepts the last batch will have an expected benefit:

log A
Z P[BO o Bz] . (k - ]-) “Tmaz * Imin - Qi +k- (rma:c - 6) . 2—10gA—1 lin, - 210gA =
=0

1
= (k—l)-lmin-rmam-(logA+1)+§-k-(rmaz—é)-lmmEL.

We now provide an upper bound (U) on Ep_[Va(7)] for all deterministic on-line
algorithms A. As in the proof of Theorem 4.3, let B(i,m) denote the mazimum
expected benefit from batches B;, ..., Biog A+1 Where m now denotes the number of
“channels” of bandwidth 7,,,,, that are left in the server after batches By, ..., B;_1.
Note that m < k — 1 by our definitions. We can then bound B(i,m) using the
recurrence:

maxi<m {l “Tmaz 'lmin - 21 + %B(Z—F 1,m—l)} ,le < IOgA
B(i,m) < { m- (Pmaz — 0) - lmin - 2982 ,ifi=logA+1landm<k—1
k'(rmaz_(s)'lmin'2logA ,1fz=10gA+1andm=k—1

Note that the last two clauses in the above expression follow from the observation
that once a single request with bandwidth requirement 7,,,,, is scheduled, the total
number of requests that can be scheduled is at most ¥ — 1 (whereas the entire last
batch of k requests can be scheduled otherwise).

Using induction on j = log A + 1 —, it is easy to show that B(i,m) < m - Tymay -
Lmin 2% for all 4 € {0,...,log A + 1}. Thus, for any deterministic algorithm A,
ED;[VA(E)] < B(0,k—1) < (k—=1) Tmaz "lmin =U.

By Yao’s result, the oblivious competitive ratio of any randomized on-line algo-
rithm is

|

_ (k=1) Tmae - (logA+1)+ ;B
(k=1) Tmae '
- Tmaz - 108 A, so the above inequality gives:

Kb >

Mg

By our assumption B >

k log A
b>_~ .logA=m
R N T

since k ~ % by our choice of parameters. This completes the proof. |

We should note that Awerbuch et al. [3] also proved an Q(log A) lower bound for
deterministic on-line circuit routing in the case of requests with identical bandwidth
requirements. However, our lower bounds for the more general variable bandwidth
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case also demonstrate the effect of the maximum bandwidth demand (p) which was
not factored into their results. Furthermore, we have shown that the logarithmic
lower bounds cannot be improved upon through the use of randomization.

4.3. Bandwidth Prepartitioning Policies

We now propose novel deterministic admission control policies that guarantee
near-optimal competitive ratios under the (mild) restriction that the maximum
fraction of server bandwidth demanded by a request does not exceed 1/ [log A]. Our
policies are based on prepartitioning the bandwidth capacity of a CM server among
requests of different length. Roughly speaking, the basic idea of the bandwidth
prepartitioning schemes is to isolate requests with large differences in length, thus
ensuring that short requests cannot “steal” the entire server bandwidth from longer
(and, more profitable) requests®.

The first policy we introduce is termed Simple Bandwidth Prepartitioning (SBP)
and is depicted in Figure 27. The SBP algorithm exploits the server’s knowledge of
the A ratio by classifying requests to channel groups based on their length and then
using a WC policy within each group. The idea is that by classifying the requests
into different partitions according to their length range, we are ensuring that the
maximum to minimum length ratio is bounded by a constant within each partition.

Simple Bandwidth Prepartitioning

1. Divide the available bandwidth B into [logA] partitions

Bi, ..., Bfiog a1, Where the size of the ¢*" partition is |B;| = ﬁ.
2. For each arriving request o; = (tj,1;,75)
2.1 Let i € {1,...,[log AT} be such that:

27 in <1 < 20 - Linin (allowing for Ij = 2 - Lnsn if 4 = [log A]).

2.2 If the amount of free bandwidth in partition B; is less than r;,
then reject o;;
Otherwise, schedule ¢; in partition Bj;

FIG. 2. Algorithm SBP.

The following theorem shows that this simple prepartitioning scheme results in
a significant improvement in the competitive ratio for CM servers with bandwidth
B larger than 7,4, - [log A]. This requirement is typically satisfied by today’s
servers, even for large values of 7,,,, and A. For example, if r,,,, = 8 Mbps and

6Note that, if A = 1 (i.e., all requests have identical lengths) then simple WC offers optimal
competitiveness. Thus, we will assume that A > 1 or, equivalently, log A > 0 in the remainder of
this paper.

"We describe our policies in terms of the more general variable bandwidth case. The restriction
to identical bandwidth requests should be straightforward.
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lmaz = 120 ljyin, then 7,0, - [log Al = 56 Mbps, i.e., less than the transfer rate of
a single high-end magnetic disk [26].

THEOREM 4.5 (Competitiveness of SBP).  Assume p = T2z < ﬂogl—M (or,
equivalently, ¢ > [log A] for the identical bandwidth case). Then, the SBP admis-
sion control policy is:

(1)  3-[log Al-competitive for the identical bandwidth case; and,

(2) %—competitive for the variable bandwidth case. |

Proof: (1) Identical Bandwidth Case. We first give a definition of strong com-
petitiveness as defined by Bar-Noy et al. [7]. Given an input ¢ = 01,02,...,0N
where o; = (t;,1;,7;), it is easy to see that the bandwidth required by & at time ¢
is Bz (t) = Eai:te[ti,ti+li) r;. We say that 7 is feasible if B(t) < B for all times t.
We define the cover of a sequence o as

V(o) = /t min{B(t), B}dt.

Note that if 7 is feasible then V (7) is exactly the total throughput (i.e., length-rate
product) in . We say that an on-line algorithm A is strongly k-competitive if

sup V(@)

<k.
7 Va(@) —

Clearly, any strongly k-competitive algorithm is also k-competitive (Section 3).

Observe that the analysis in the proof of Theorem 4.1 actually establishes that
WC is strongly (1+ A)-competitive. Consider an input sequence &. Fix a particular
group of channels C; (|C;| = ﬁ) and let 7; denote the subsequence of & with
lengths in the range 2071 - [, < 1 < 2% Ly, for any i € {1,..., [log A]}. Since
the operation of SBP on &; is identical to WC using only the channels in C; we
have:

(1+ (lmaz);) Vspp (@) > /tmin{Ba- (t), |-log;A-|}dt

lmin

min

Observe that for all requests in &; we have (ll"“” )
o

< 2. Thus the above inequality

gives:
3-[logAl - Vspp(a;) > /min{B;i (t), B}dt.
t

It is easy to see that the left-hand side of the above inequality is an upper bound
on the benefit that any scheduler can obtain from the requests in &; (even when
using all available bandwidth). Thus, we have shown that 3 - [log A] - Vspp(a;) >
Vopr(d;), where OPT is the optimal clairvoyant scheduler using the entire server.
Clearly, Vspp(a) = Zi Vspp(a;) and Vopr (@) < Zi Vopr(d;). Thus, 3- [log A] -
Vsep (@) > Vopr(o) for any sequence . The result follows.

(2) Variable Bandwidth Case. Again, the proof for the case of variable bandwidth
requests is based on the observation that the proof procedure for Theorem 4.2
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actually establishes that WC is strongly %—competitive, where p = Tme=_ The

proof then proceeds along the same lines as the proof for the identical bandwidth
case. |

Thus, by merely isolating different length ranges, the SBP admission control
policy improves the competitiveness of WC from linear to logarithmic in A, at least
for the identical bandwidth case. The main idea behind SBP is that in order to
be competitive under a worst-case scenario, the scheduler should not allow short
duration requests to monopolize the server’s bandwidth. However, SBP can also
suffer from bandwidth fragmentation in the variable bandwidth case. In the worst
case, bandwidth approximately equal to 7,4, is lost in each partition, leading to a
total bandwidth loss of 7,45 - [log A] in the server. Intuitively, we would like to be
able to “combine” these bandwidth fragments to allow for incoming requests to be
scheduled across partitions, especially if these requests are long since this implies
more guaranteed profit.

Down-shift Bandwidth Prepartitioning

1. Divide the available bandwidth B into [logA] partitions

Bi, ..., Biog a1, Where the size of the it" partition is |B;| = ﬁ.
2. For each arriving request o; = (¢;,1;,7;)
2.1 Let ¢ € {1,...,[logAl} be such  that:

27 in <1 < 2% - Liin (allowing for I = 2° - Ly if 4 = [log A]).
2.2 If the total amount of free bandwidth in By U ... U B; is less
than r;, then reject o;;

Otherwise, schedule o; using available bandwidth from partitions
B;,B;_1,..., B1 in that order.

FIG. 3. Algorithm DBP.

The Down-shift Bandwidth Prepartitioning (DBP) policy depicted in Figure 3 is
based exactly on these observations. As in SBP, the DBP algorithm also prohibits
short requests from monopolizing the server, but it also allows longer (and thus,
more profitable requests) to be “down-shifted” to lower groups and steal unused
bandwidth that would otherwise be dedicated to shorter requests. Theorem 4.6
shows that incorporating this change does not compromise logarithmic competi-
tiveness.

B
equivalently, ¢ > [log A] for the identical bandwidth case). Then, the DBP admis-

sion control policy is:

THEOREM 4.6 (Competitiveness of DBP). Assume p = Tmaz < m (or,

(1) (14 8- [logAl)-competitive for the identical bandwidth case; and,

(2) (1 + %)—competitive for the variable bandwidth case. |
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Proof: (1) Identical Bandwidth Case. We partition the schedule derived by DBP
along the time axis into consecutive intervals Iy,..., Iy of length l,,4, (or, more
accurately 2/108 A1 -lmin) each. Let A; denote the set of requests accepted by DBP
inside interval I; (i.e., accepted requests whose starting point is in I;), and let R;
be the set of requests rejected by DBP and accepted by the optimal scheduler in
I;. We use s; to denote the saturation level of I;: the largest ¢ such that for some
point in time ¢ € I; all the channels in C; U...C}; are busy at time ¢. Note that by
the operation of DBP, only requests of length less than 2% -1,,;, will be rejected
in I;. Finally, let V'(S) denote the total benefit (i.e., rate-length product) of a set
of requests S.

Fix a specific interval I; and let k = [log A]. Partition the set R; into R} U...U
R;j , where R} is the set of requests in R; with lengths in the range [2" - 1,4, 2" -
lmin). Fix a specific i € {1,...,s;} and slice the interval I; into 2¥~¢ sub-intervals
of length 2 I,,,;,, each. Consider the requests in R} rejected in such a sub-interval.
Clearly, the maximum benefit that any scheduler could obtain from these requests
is ¢+ 2% - Lyin, by allowing a “batch” of ¢ requests of maximum length (2% - [,,in).
But, by the operation of DBP, since these requests were rejected DBP must have
already accepted a benefit of

C : . C .
- . 2.771 . lmzn — 3 21
g 2 flogAT ¢

—1) - lyin.

Furthermore, by the operation of the algorithm, this benefit will be distinct for
each “batch” of rejections within different sub-intervals. Thus, the mazimum loss-
to-benefit ratio within each such sub-interval is:

i

C lmin _ 2
= [log A] 51

.9t
Toga (2" = 1) Lmin

<2-[logAl, independent of i.

Thus, if we let L; denote the loss that the DBP scheme incurs within the interval
Ij, then:
V(A + V(A5 1) > max{—C (29 — 1)« Lypimy ——3 3
’ 7= [log A] "2 [log A7’
where the first term in the max{} follows from the definition of the saturation level
of I;. Also, it is easy to see that:

V(RJ) < Lj +c-2% . lnin,

where the second term captures the maximum possible loss due to rejections at the
end of I;. Combining the last two inequalities, we have:

¢ .. L.
V(A4;)+V(4j—1) > max{m 225 Ly, m}

> 1 c-2% -lpmin + Lj > V(R])
= 2-[logA] 2 ~ 4-JlogA]’
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. . 2 V(RS

Thus, summing over all intervals I; we have Vppp(T) > &EITM
Observe that for the optimal clairvoyant scheduler A*, Vi« (o) < Vppp(@) +
>_; V(R;), or, using the above inequality, V4-(7) < Vppp - (1 + 8- [log A]). This

completes the proof for the identical bandwidth case.

(2) Variable Bandwidth Requests. The proof proceeds along the same lines as for
the identical bandwidth case. We now define the saturation level s; of interval I;
as the largest ¢ such that for some point in time ¢ € I; the total available bandwidth
in partitions By U... B; is less than r,,,,. Note that by the operation of DBP, only
requests of length less than 2% -1,,;, can be rejected in I;.

Fix a specific interval I; and let k = [log A]. Partition the set R; into R} U...U
R, where R} is the set of requests in R; with lengths in the range [27=" - Iy, 2° -
Imin)- Fix a specific i € {1,...,s;} and slice the interval I; into 2¥~¢ sub-intervals
of length 2% -1,,;, each. Consider the requests in R;'- rejected in such a sub-interval.
Clearly, the maximum benefit that any scheduler could obtain from these requests
is B -2' - l,,:n. But, by the operation of DBP, since these requests were rejected
DBP must have already accepted a benefit of at least

i—1

B . B )
2J_1'lmin+(7_rmaz)'21_l lmzn =
=1

[log A] 'j

c

M AT 2i_1 ‘min™ "maz” 2i_1 “Ymin-
Tog &7 &~ Drtmin=Tmae (2

[log Al

Furthermore, by the operation of the algorithm, this benefit will be distinct for
each “batch” of rejections within different sub-intervals. Thus, the mazimum loss-
to-benefit ratio within each such sub-interval is:

B2 lpin — foga] 2i
ﬁ : (2i - 1) ) lmin — Tmaz * (2i_1) : lmz’n B & (2i - 1) —p 2i-1. [IOg A]

2
I—IOgA-l ) 1 —p- [logA-la

Thus, if we let L; denote the loss that the DBP scheme incurs within the interval
I;, then:

IN

independent of i.

Li-(—p- flOgA])}
2- [log A] ’

V(AJ)—}_V(AJ*l) Z max{ (2Sj _1)'lmin_rmaz'(2sj 71)'lmin;

B
[log Al
where the first term in the max{} follows from the definition of the saturation level
of I;. Also:

V(RJ) < Lj + B-2% . lmin;

where the second term captures the maximum possible loss due to rejections at the
end of I;. Combining the last two inequalities, we have:

B-(1—-p-[logAl) Lj'(l—ﬂ'ﬂogA])}
2 [log A] 2 - [log A]
1—p-[logA] B-2% -lpin + L; S V(R;)-(1—p-[logAl)
= 2-[logA] 2 - 4 - [log A]

V(AJ) +V(Aj_1) > max{

-2% . lmz’na
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1-p-Tlog A1) V(R;
And, summing over all intervals I; we have Vpgp(a) > e [Osg. nl; Az% (Rs)

Observe that for the optimal clairvoyant scheduler OPT, Vopr () < Vppp(d) +
> ; V(R;), or, using the above inequality, Vopr(7) < Vppp - (1+ %. This
completes the proof for the variable bandwidth case.

Corollary 4.2 follows directly from Theorems 4.5 and 4.6. Combined with the
lower bounds in Section 4.2, Corollary 4.2 establishes the near-optimality of the
SBP and DBP policies for the variable bandwidth case, assuming that the server
bandwidth B is larger than 2 - r,,,; - [log A]. Again, this is a requirement that
is typically satisfied by today’s CM servers and applications. (See the discussion
before Theorem 4.5.) Note that even smaller competitive ratios can be obtained if
B > k- Tmag - [log Al, where k > 2.

COROLLARY 4.2 (Near-Optimality of SBP and DBP, Variable Bandwidth Case).
Assume p = Tme= < m. Then:

1.The SBP admission control policy is 6 - [log A]-competitive for the variable
bandwidth case; and,

2.The DBP admission control policy is (1 + 16 - [log A])-competitive for the
variable bandwidth case. |

Although the constants in the competitiveness bounds we have shown for DBP
are larger than those of SBP, we conjecture that they can be improved. To support
our conjecture, note that for the identical bandwidth case when a request of length
lj € [2"_1 Dminy 28 - lmin) is rejected in SBP, the scheduler can guarantee that the
benefit of running requests is at least m .21 ... whereas with DBP the
corresponding guaranteed benefit is at least:

C : C .
T AT 2k—1 : lmin =—0-(2'-1): lmz’na
flog AT " 2= floga] ' =

that is, nearly double the benefit for SBP. Of course, the main advantage of
DBP over SBP is that, by “down-shifting”, it can significantly reduce the effects
of bandwidth fragmentation in the variable bandwidth case. A formal proof of
improved competitive ratios for DB7P is left as an open problem for future research.

Even though SBP and DBP guarantee logarithmic competitiveness under a
worst-case scenario, they may also severely underutilize the server in average cases.
For example, when all the requests address the shortest group of clips residing on the
server, both schemes will end up utilizing only ﬂogl—A] of the available bandwidth.
This is clearly undesirable. We now propose a novel on-line admission control policy
that employs the intuition of prepartitioning schemes (to avoid worst-case scenarios
for WC) within a framework that also allows for good average-case performance.
Roughly speaking, the idea is to use the methodology of DBP but define the sizes
of the bandwidth partitions B; as a function of the popularities and/or the lengths
of all requests in the length range [2¢7! - l,,in,2% - lnin). The resulting admis-
sion control scheme, termed Popularity-based Bandwidth Prepartitioning (PBP),
is depicted in Figure 4. Note that PBP is given in parameterized form with the
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parameter f being the specific function of popularities and lengths used to define
the partition sizes. In Section 5, we describe two specific choices for f used in our
preliminary experimental study. The PBP admission control scheme relies on the
assumption that request (i.e., clip) popularities can be estimated with reasonable
accuracy (e.g., using a “moving window” prediction method [21]). Clearly, taking
popularities into account is necessary to avoid worst-case scenarios for DBP (i.e.,
when the most frequent requests are also the shortest). In fact, assuming that re-
quests are independent and the given popularities are accurate, we can construct
simple arguments based on Chernoff bounds [23] to show that the probability of a
worst-case “loss” for PBP (with specific choices for f) is exponentially small.

Popularity-based Bandwidth Prepartitioning[f: function]

1. Let p; denote the probability that the length of an incoming request is I;
(i.e., the popularity of /;). Let PL; denote the set of (popularity, length) pairs
with lengths in the ** range; that is,

PL; = { (pj,1j) |l € 27" - bmin, 2' - lmin) }.
2. Divide the available bandwidth B into [log A partitions Bi, ..., Bliog A7,

with
f(PLi)
> f(PLy)

3. For each arriving request o; = (¢;,1;,7;)

|B;| = B.

3.1 Leti € {1,...,[log Al} be such that: 25 in < l; < 2 Lnin (allowing
for I; = 2° - lypin if 4 = [log A]).

3.2 If the total amount of free bandwidth in B; U... U B; is less than r;,
then reject oy

Otherwise, schedule o; using available bandwidth from partitions
B;,Bi_1,...,B1 in that order.

FIG. 4. Algorithm PBP

5. EXPERIMENTAL STUDY

In this section, we describe the results of a preliminary set of experiments we have
conducted with the WC and PBP strategies for on-line admission control. Since
our competitiveness results clearly demonstrate the superiority of prepartitioning
schemes with respect to worst-case scenarios, our goal was to ensure that the worst-
case guarantees did not impair average-case performance. We start by presenting
our experimental testbed and methodology.

5.1. Experimental Testbed
To examine the average-case behavior of the WC and PBP schemes, we have
experimented with three distinct random arrival patterns:
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e Poisson Arrivals. Requests of different lengths arrive at the server according to
a Poisson process model with an arrival rate of A\. This is a plausible probabilistic
model for servers with a reasonably steady traffic flow (e.g., video servers in scientific
research labs serving clips of recorded experiments to scientists around the globe).

e Bursty Arrivals. Requests of different lengths arrive at the server in bursts at
regular intervals of time (termed burst separation). Each such burst itself consists
of a sequence of request batches, where each batch consists of requests of identical
length arriving during a very short period of time. The batch arrivals are again
modeled as a Poisson process with an arrival rate of A. This workload is intended
to model “rush-hour traffic” situations in CM servers.

e Poisson + Short Burst Arrivals. Long requests arrive at the server according
to a Poisson process model with an arrival rate of Ajong. At the same time, bursts
of short requests arrive based on a Poisson process with an arrival rate of Agpor¢-
This workload model combines some features of the previous two models. It is
intended to represent situations where servers operating under a relatively steady
flow of long requests (e.g., movies or sports events), occasionally have to handle
bursts of short requests (e.g., the 6 o’clock news).

In most of our experiments, the request lengths were sampled from a discrete set
of values between 5 and 150 minutes, with sampling probabilities (i.e., popularities)
taken from a Zipfian distribution with skew parameter z [35]. We varied this skew
parameter from 0.0 (uniform) to 2.0 (very skewed). Results were obtained for three
different models of correlation between request lengths and popularities:

e Positive. Larger popularities are assigned to longer requests.
o Negative. Larger popularities are assigned to shorter requests.

e Random. No length/popularity correlation exists; that is, the values of the
Zipfian probability vector are assigned to the different request lengths in a random
manner.

We also experimented with two different choices for the f function parameter of
the PBP scheme. The first choice f; captured the cumulative popularity of a
length range, that is fi(PL;) = E(p’l) epr, P- The second choice f> was the total
popularity-length product of a range, that is fo(PL;) = Z(p,z) epr, Pl

In our experiments for the identical bandwidth case, we assumed a server with
100 available channels. For the variable bandwidth case, we varied the server’s
sustained bandwidth capacity between 100 and 250 Megabits per second (Mbps)
and selected the rate requirement of a request randomly between 500 Kbps and 8
Mbps. The parameter values are summarized in Table 1.

For each different combination of input parameters, we modeled the system be-
havior under each scheduling policy for 20,000 minutes of simulated time and 10
randomly generated request sequences. The results presented here represent the
averages over these 10 runs of the system. In all cases, the comparison met-
ric was the fraction of the server capacity effectively utilized; that is, the ratio

Va(z _
(server bandwi dtlf)(::zsimulation fime)’ for each scheduler A and request sequence &.

5.2. Experimental Results
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TABLE 1

Experiment Parameter Settings

System Parameter Value
Server Bandwidth Capacity 100 channels / 100-250 Mbps
Request Lengths 5 minutes — 150 minutes
Request Rates (Variable Bandwidth Case) 500 Kbps - 8 Mbps
Zipfian Popularity Skew (z) 0.0-2.0

We present an overview of our experimental comparison of the WC and PBP
schemes for the (general) variable bandwidth case. Similar results were obtained
for identical bandwidth requests. For the numbers presented here, the request
lengths were sampled (based on z and the model of correlation) from the collection
{5,10,15,90,120,150} (in minutes), the request rates were selected (uniformly)
from the set {0.5,1.5,3.0,4.5,6.0,8.0} (in Mbps), and the server bandwidth capacity
was 250 Mbps. The plots shown in this section are indicative of the results obtained
for other values of request and server parameters.

We focus our discussion on PBP[fz]; that is, PBP using the “total popularity x
length” partitioning criterion, since it exhibited uniformly better performance than
PBP|[f1] in our experiments. We should stress, however, that even with “cumulative
popularity” partitioning, PBP outperformed WC by a significant margin for our
“bursty” workloads.

The first set of experiments studied the relative effectiveness of the WC and PBP
schemes under Poisson arrivals for different values of the Zipfian skew parameter
z and different length/popularity correlations. Figure 5(a) shows the performance
of the schemes as a function of the Poisson arrival rate A for z = 0.6 and random
length/popularity correlation. Qur basic finding is that, by exploiting its knowledge
of clip popularities PB7P is able to do at least as good as WC in all cases. We should
mention that we also experimented with different models of the arrival process (e.g.,
using uniformly rather than exponentially distributed inter-arrival times) that also
led to the same conclusions regarding the relative performance of the strategies
under random arrivals.

Poisson Arrivals, z=0.6, Random Correlation Bursty Arrivals, Batch Size=40, z=0.6, Random Correlation
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FIG. 5. (a) Server throughput under Poisson arrivals. (b) Server throughput under bursty
arrivals (random correlation).
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The second set of experiments concentrated on the relative performance of the
algorithms under the Bursty Arrival model described in the previous section. We
studied the server utilization as a function of the length of the burst separation
interval as well as the size of a batch of arrivals for different values of the z and
A parameters, the size (i.e., number of batches) of a burst, and different modes
of correlation. Figure 5(b) shows the server utilization as a function of the burst
separation interval for batch size equal to 40, z = 0.6, batch arrival rate A = 0.8,
burst size equal to 10, and random length /popularity correlation. (We show burst
separations decreasing from left to right as this reflects increasing load, as in Fig-
ure 5(a).) Our results show that under such conditions, PBP outperforms WC by
an average margin of 15% - 40%. Note that the “jump” observed in the curves
as the burst separation approaches 150 minutes is caused by our specific choice of
request lengths and our model of “bursty” arrivals. The numbers from the same
experiment but for positive length/popularity correlation (i.e., longer requests are
more popular) are depicted in Figure 6(a). WC clearly performs better under the
positive correlation assumption, since it is able to allocate more of its channels to
the more popular (and, more profitable) long requests. Still, PBP continues to
outperform WC by up to 25%. Figure 6(b) shows the results of the same experi-
ment but for negative length/popularity correlation (i.e., shorter requests are more
popular). Under such scenarios, our results show that the relative improvement
offered by PBP over WC can reach 50% - 60%. A different perspective is depicted
in Figure 7(a), where server utilization (for the same parameter values and negative
correlation) is given as a function of the batch size for a fixed burst separation of
180 minutes. Note that as the batch size increases, the Bursty Arrival model gives
rise to worst-case scenarios for WC, where a large batch of short requests can flood
the server leaving no capacity for a following batch of larger requests. On the other
hand, our PBP scheme is capable of maintaining a reasonable level of utilization
under all circumstances.

Bursty Arrivals, Batch Size=40, z=0.6, Positive Correlation Bursty Arrivals, Batch Size=40, z=0.6, Negative Correlation
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FIG. 6. (a) Server throughput under bursty arrivals (positive correlation). (b) Server

throughput under bursty arrivals (negative correlation).

The final set of experiments studied the behavior of the algorithms under the
combined Poisson + Short Bursts arrival process. We concentrated on a particular
scenario which, we believe, is common in Video-On-Demand environments. Specif-
ically, we assumed that the server is working close to capacity serving requests for
long (i.e., {90,120,150} minutes) movies but occasionally has to handle bursts of
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Bursty Arrivals, Burst Separation=180, z=0.6, Negative Correlation Poisson + Short Burst Arrivals, lambda(long)=0.7
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FIG. 7. (a) Server throughput under bursty arrivals as a function of batch size (negative

correlation). (b) Server throughput under Poisson+Short Bursts.

short (i.e., {5,10,15} minutes) requests. That is, Ajony was selected large enough
to ensure high system utilization and we studied the server utilization as a function
of Asport- All length popularities were assumed uniform for this experiment. The
results depicted in Figure 7(b) show that, under this scenario, PBP can offer a 10%
- 15% performance improvement over WC, even at high levels of system utilization.

6. CONCLUSIONS AND FUTURE WORK

In this paper, we have addressed the admission control problem associated with
CM database servers from a novel, on-line perspective. Using server throughput as
our optimization metric, we showed that the traditionally used Work-Conserving
policy has a competitive ratio of 11+TA, where A is the ratio of the maximum to
minimum request length and p is the maximum fraction of the server’s band-
width that a request can demand. We developed novel admission control strate-
gies based on the simple idea of preprepartitioning the bandwidth capacity of the
server among requests of different length and proved that that our strategies are
O(log A)-competitive for sufficiently large server bandwidth. We also showed an
Q(I‘I’E - ) lower bound on the competitive ratio of any deterministic or randomized
algorithm for the problem, thus establishing that our bandwidth prepartitioning al-
gorithms are within a multiplicative constant of the optimal on-line strategy. Based

on the intuition gained from our competitiveness results, we proposed prepartition-

ing schemes that make use of request popularities to ensure good average-case as
well as robust worst-case performance, and experimentally verified their effective-
ness against the Work-Conserving policy.

We believe that the analytical and experimental results presented in this paper of-
fer new insights to other optimization problems that arise in CM data management.
For example, consider the problem of data placement and static load balancing in
distributed CM servers. Briefly, the problem can be described as follows: Given a
collection of continuous media clips with lengths (I;), rates (r;), and expected pop-
ularity (or, probability of access, p;), determine a “good quality” mapping of these
clips to a collection of servers, where each server is characterized by a bandwidth
capacity (B;) and a storage capacity (S;) and a clip can be mapped to more than
one servers (i.e., replication of clips is allowed).
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Traditionally, the goal of data placement schemes in this setting is to balance
the expected bandwidth load (according to the popularities {p;}) across the avail-
able servers under the given server storage constraints [21, 11, 34]. This model of
“popularity-based data placement” aims at achieving good system utilization and
balanced system load in an average sense. On the other hand, our competitiveness
results indicate that to ensure robust system performance, a placement strategy
should also try to achieve some secondary “goals”. One such goal, for example,
would be to place clips with large bandwidth requirements on servers with large
bandwidth capacities to guarantee small p fractions for each server. As another ex-
ample, the placement policy should try to replicate short clips across many servers,
so that there are many possibilities of dynamically re-assigning (e.g., using a ba-
ton passing primitive [34]) streams delivering these clips to different servers. This
obviously reduces the probability of a short request causing the rejection of a long
request from the system, which is the worst-case scenario in all our competitiveness
results. Achieving such secondary data placement goals is especially important in
order to ensure good system utilization under short-term fluctuations of the load
away from the averages {p;} or overload situations where some client requests sim-
ply must be rejected. A detailed investigation of the problem is left for future
research.

The competitive analysis framework and results presented in this paper sug-
gest several directions for future work. First, this work has only considered the
bandwidth resource. Considering servers with multiple scarce resources poses an
interesting challenge. For example, a request may also need a given amount of
memory at the server in order to meet its performance requirements. This memory
requirement can be either specified by the request itself (e.g., leaky bucket regulated
traffic) or assigned by the server to meet the request’s performance goals. Given the
limited amount of server memory, the admission control mechanism needs to con-
sider both the memory and the bandwidth requirements of a request. Second, we
plan to use our results and methodology as a starting step towards a formal study
of dynamic on-line load balancing in multimedia storage servers. Prior work [11, 34]
has explored the use of techniques such as dynamic stream re-assignments and dy-
namic replica creation/coalescing only within ad-hoc schemes, without providing
any strong performance guarantees or exploiting the wealth of theoretical results
on on-line load balancing (see, for example, [2, 6, 5, 32]). Finally, incorporating the
concept of equivalent bandwidth into our on-line analysis is another interesting prob-
lem. Equivalent bandwidth is fundamental for providing sessions with statistical
performance guarantees. Since the equivalent bandwidth of a collection of sessions
is typically a simple function of each session’s equivalent bandwidth, this concept
simplifies the admission control for applications with statistical performance guar-
antees [12, 18].
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